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PREFACE 

The purpose of this book is to introduce the technical tools 
and concepts that are indispensable for advanced work in philo- 
sophy and to do so in a way that conveys the important concepts 
and techniques without becoming embroiled in unnecessary 
technical details. The most valuable technical tools are those 
provided by set theory and the predicate calculus. Knowledge of 
the predicate calculus is indispensable if for no other reason than 
that it is used so widely in the formulation of philosophical 
theories. This is partly because it has become conventional to 
formulate theories in that way, but it is also because the predicate 
calculus provides a medium for such formulations that is both 
concise and unambiguous. Furthermore, a knowledge of the 
predicate calculus is required for an understanding of Godel's 
theorem. Godel's theorem is one of the intellectually most 
important achievements of this century. Godel's theorem and 
related theorems concerning the predicate calculus appear to have 
amazing implications for epistemology and the philosophy of 
mathematics. No student of philosophy can be regarded as 
properly educated without some grasp of these theorems. 

An understanding of the predicate calculus requires some 
prior understanding of set theory. In addition, set theory is 
important in its own right. Set theory allows the concise and 
perspicuous formulation of principles that can only be formulated 
in a very complicated manner within nontechnical language. Given 
a basic grasp of set theoretic concepts, technical principles often 
become easy to understand, and it is easier to see what their 
logical consequences are. The same principles can be formulated 
in nontechnical language, but those formulations tend to become 
convoluted and unwieldy. A familiarity with set theoretic concepts 
also provides a different perspective from which to view abstract 
problems. The use of set theoretic concepts often reveals simple 
structure that would otherwise be concealed and helps one to think 
more clearly about the problems. 
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Nontechnical philosophers are often put off by the fact that 
set theory is generally developed as a foundation for mathematics. 
One begins with obscure axioms and derives formal theorems in 
a rigorous but unintuitive manner, with the ultimate objective of 
constructing theories of infinite cardinals and transfinite ordinals. 
For nontechnical philosophers, the theory of cardinals and ordinals 
is the least interesting part of set theory, and there is little point 
in developing set theory axiomatically. The axiomatic development 
of set theory is itself a response to a philosophical problem. That 
problem is fascinating, but it is most easily appreciated only after 
one has some grasp of set theory. Thus the current approach will 
be largely nonaxiomatic. More will be said about the philosophical 
significance of axiomatic set theory later in the book, but no 
attempt will be made here to discuss it in detail. 

The emphasis in this book will be on those aspects of set 
theory and logic that are of most significance to the nonlogician. 
These include first the basic concepts of set theory like unions, 
intersections, relations, and functions. A sustained discussion of 
recursive definitions follows. This is a topic generally omitted from 
courses in set theory, and yet it is one of the most useful parts of 
set theory for the nonlogician. It is shown how the arithmetic of 
the natural numbers can be regarded as a simple consequence of 
the theory of recursive definitions. The chapter on the predicate 
calculus provides a concise presentation of model theory up 
through Godel's theorem. Again, the emphasis is on conveying the 
philosophically important ideas rather than on working out all of 
the mathematical details. The book strives to be rigorous without 
going into unnecessary technical detail. 

It is intended that one important audience for this book will 
consist of graduate students preparing for preliminary examinations 
in logic. Accordingly, I have tried to make the book intelligible to 
the reader who is working through it on his or her own without 
the help of an instructor. To that end, I have included exercises, 
and their solutions appear at the end of the book. In addition, 
there are a number of "practice exercises" whose only point is to 
give the reader additional practice with the concepts involved. 
Their solutions are left to the reader. 

John L. Pollock 
Telluride, Colorado 



CHAPTER ONE 
SET THEORY 

1. The Logical Framework 

Set theory is formulated using the notation of first order logic. 
It is assumed that the reader has a basic familiarity with the 
propositional and predicate calculi of the sort gained from a first 
course in symbolic logic. We use the following notation: 

(vx) universal quantifier 
( 3 )  existential quantifier 
& conjunction 
v disjunction 
3 if ... then 
5 if and only if - negation 
- - identity 

It is assumed that the student has a working knowledge of which 
formulas of logic follow from which. That may not be a reason- 
able expectation in the case of identity, because identity is often 
omitted in beginning courses in logic. By 'identity' we mean 
'numerical identity', not 'qualitative identity'. 'x = y' means that 
x and y are literally the same thing. The basic principles regarding 
identity are simple and intuitive. All principles regarding identity 
in first order logic are consequences of the following four simple 
principles: 

Reflexivity: (Vx) x = x 
(Everything is identical to itself.) 
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Symmetry: (Vx)(Vy)(x = y 3 y = x) 
(If one thing is identical to a second, then the 
second is identical to the first.) 

Transitivity: (Vx)(Vy)(Vz)[(x = y & y = z) 3 x = z] 
(If one thing is identical to a second, and the 
second is identical to a third, then the first is 
identical to the third.) 

Substitutivity: (Vx)(Vy)[x = y 3 (Ax a Ay)] 
(If one thing is identical to a second, then anything 
true of the first is true of the second and vice 
versa.) 

2. The Basic Concepts of Set Theory 

A set, or class (these terms are used interchangeably here), is 
any collection of things. For example, one can talk about the set 
of all desks in the room, or the set of all past presidents, or the 
set of all non-negative integers. 

21 Class Membaship 
The objects of which a set consists are its members or 

elements. We write 'x is a member of A' as ' x d .  Similarly, we 
write 'x is not a member of A' as 'xu ' .  Note that we use upper 
case variables to range over sets, and lower case variables as 
general variables ranging over sets and non-sets alike. Thus 
'(VX)FX means that all sets are F, whereas '(Vx)Fx' means that 
everything is F. 'E' symbolizes the relation of class membership. 
All other relations between sets that are studied in set theory are 
defined in terms of this single basic relation. 

Two sets are said to be the same set iff1 they have the same 
members. This is expressed by the axiom of extensionality: 

A = B iff (Vx)(xeA a xeB) 

- -- 

I 'iff is an abbreviation for 'if and only i f .  
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This provides a criterion of identity for sets. Notice in particular 
that the identity of a set is not determined by its defining property. 
The same set may have two or more quite different defining 
properties. For example, the set of all brick objects on campus 
may be the same set as the set of all buildings on campus, 
although these two defining properties are distinct. 

22 Definition by Abstraction 
By virtue of the axiom of extensionality, we can specify a set 

by saying what members it has. If a set is sufficiently small, we 
can do that by listing the members. We use the following 
notation: 

Def: { a 1  ,..., an} is the set whose members are just a, ,..., a .  

If a set is large or infinite then we must specify its members in 
some other way, and that is typically done by giving a general 
description of its members. We use the following notation: 

Def: { X I  x  is F} is the set whose members are all things having 
the property F. 

This mode of specifying a set is called 'definition by abstraction'. 
As { x \ x  is F} is the set of all things having the property F, it 
follows that something has the property F iff it is a member of 
{ x \ x  is F}:  

(2.1) a e { x l x  is F} iff a is F. 

The question arises whether there is always such a set as 
{ x \ x  is F}. Intuitively, it seems that there should be. The 
principle affirming this is called the axiom of comprehension, and 
can be written as follows: 

Given any property F, there is such a set as { x \ x  is F}. 

This axiom seems intuitively self-evident, and all of set theory can 
be developed on the basis of this axiom and the axiom of 
extensionality. It is rather astonishing, however, that despite its 
apparent self-evidence, the axiom of comprehension is logically 



4 BASIC CONCEPTS OF SET THEORY 

inconsistent. This was first shown by Bertrand Russell, and the 
proof involves what has come to be known as 'Russell's paradox'. 
The proof is surprisingly simple, and goes as follows. We can 
construct sets whose members are other sets. For example, we 
might begin by constructing the two sets of numbers {1,2} and 
{2,3}, and then construct another set having just those sets as 
members: {{1,2},{2,3}}. Thus some sets can be members of other 
sets. The question arises whether any set can be a member of 
itself. If there is such a set as the set of all sets, then that set 
includes itself as a member, but clearly most sets will not be 
members of themselves. Consider the property of being a set that 
is not a member of itself. This is a property that most sets would 
seem to have. By the axiom of comprehension, there is a set of 
all sets having this property. Let us call it 'R': 

Now ask, is R a member of itself? By (2.1): 

ReR iff ReR. 

But by the propositional calculus, this is a contradiction. It implies 
that if R is a member of itself then it is not, and if it is not then 
it is. The only thing we have assumed in deriving this contra- 
diction is that there is such a set R, and that is implied by the 
axiom of comprehension, so it follows that that seemingly self- 
evident axiom is actually inconsistent. 

The inconsistency of the axiom of comprehension is perhaps 
the principal reason that set theory itself is philosophically 
interesting (as opposed to merely being philosophically useful). 
The axiom of comprehension seems so obvious that one is inclined 
to insist that it must be true, and yet Russell's demonstration is 
incontrovertible. The problem of the foundations of set theory is 
the problem of sorting this out. We would like to know why the 
axiom of comprehension is inconsistent when it seems self-evidently 
true, and we would like to know by what principles it should be 
replaced. 

The general consensus is that the axiom of comprehension 
only fails in extraordinary instances. These instances comprise 
what are called the set-theoretic antinomies, and they are the 
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subject of extensive investigation in the foundations of set theory. 
But for the purpose of developing set theory as a tool, we need 
not get involved in this. We can assume that the simple instances 
of the axiom of comprehension we are inclined to use are safe 
and unproblematic. For example, there is no problem constructing 
a set like the set of all buildings on campus. It is only when we 
consider very complicated sets of sets that danger looms. As long 
as we are reasonably conservative in our constructions, no 
problems will arise. Thus for most purposes, we can use definition 
by abstraction without much worry. 

23 Some Simple Sets 
It was noted that we can specify simple sets by listing their 

members, using the notation '{ai, ..., an}'. We could just as well 
have defined that notation using definition by abstraction: 

In the same way we can define the unit set of an object to be the 
set whose only member is that object: 

Def: {a }  = { x l x = a } .  

A set that may seem initially puzzling is the empty set: 

Def: 0 = {XI  x + x } .  

By (2.1), x a  iff x f x. But nothing has the property of not being 
self-identical, so it follows that nothing is a member of 0 (hence its 
name). Initially, the empty set is apt to seem paradoxical. How 
can we have a collection without anything in it? But reflection 
shows that the empty set is not really so strange as it may first 
appear. For example, a mathematician might consider the set of 
all solutions to a particular equation, prove a number of theorems 
about that set, and ultimately establish that it is empty-the 
equation has no solutions. This would not move him to conclude 
that he has made a mistake in talking about the set of all solutions 
to the equation. The only reason the empty set sometimes seems 
strange is that in normal practice, if we know antecedently that 
there are no things satisfying a certain condition then we will not 
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be inclined to form the set of all things satisfying that condition, 
but this is just because there would ordinarily be no point in doing 
so. 

If we can define the empty set to be the set of everything that 
is not self-identical, then it might seem we should be able to define 
the universal set to be the set of everything that is self-identical: 

U =  { X I  x = x}. 

However, the universal set turns out to be implicated in the set- 
theoretic antinomies, so it is best not to assume that there is any 
such set. 

2 4  Subsets 
One of the most important relations between sets is that of 

class inclusion, or the subset relation. A set A is a subset (c) of B 
iff all of the members of A are also members of B: 

Def: A c B iff (Vx)(xd 3 x&). 

The subset relation should not be confused with the membership 
relation. For example, suppose that a labor union can be 
identified with the set of its members. Let us further suppose that 
a local union is affiliated with a national union in such a way that 
all members of the local union are automatically members of the 
national union. Then the local union will be a subset of the 
national union. The local union will not be a member of the 
national union, but its members will be. 

The following are a couple of obvious principles regarding 
subsets: 

(2.2) A c A. (reflexivity) 

(2.3) (A c B & B c C) 3 A c C. (transitivity) 

These principles follow directly from the definition of 'c', using the 
predicate calculus. For instance, (2.3) is equivalent to saying that 
if all A's are B's and all B's are C's then all A's are C's. A 
principle that is only slightly less obvious is that if two sets are 
each subsets of each other, then they are identical: 
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This is because if two sets are subsets of each other, then they 
have the same members, and so by the axiom of extensionality, 
they are the same set. 

A principle that may at first seem surprising is that the empty 
set is a subset of every set: 

This is because the empty set has no members, so it is automatic- 
ally true that all members of the empty set are members of A. A 
frequent confusion here, related to the confusion of the member- 
ship relation with the subset relation, is to suppose that the empty 
set is a member of every set. For example, consider the set of all 
US senators. The empty set is not a senator, so the empty set is 
not a member of that set. 

A helpful way of developing one's intuitions concerning 
relations between sets is with the use of Venn diagrams. We can 
represent a set diagrammatically as a circle, and represent the 
relations between sets in terms of topological relations between the 
circles. For example, we can diagram (2.3) by using concentric 
circles: 

A is enclosed in B, indicating that A c B, and B is enclosed in C, 
indicating that B s C. Then it follows that A is also enclosed in 
C, and consequently A c C. 
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A slightly different relation between sets is that of proper 
inclusion. A is automatically a subset of B when A and B are the 
same set. In that case, B contains no members that are not also 
members of A. We say that A is a proper subset of B when A s 
B but B contains at least one element that is not a member of A: 

Def: A c B iff A c B & (lc)(xd? & x d ) .  

Obviously, no set can be a proper subset of itself, because then it 
would have to contain an element that it does not contain: 

(2.6) - (A  c A). 

On the other hand, the proper subset relation is transitive: 

Proof: Suppose A c B & B c C. Then A <: B & B s C, so by 
(2.3), A c C. What remains is to show that there is some element 
x of C that is not an element of A .  As B c C, there is an 
element x of C that is not in B. Every element of A is an 
element of B, so x is not in A either. 

Practice exercises: 
1. A c B iff (A s B & A + B). 
2. If A c B then -(B c A ) .  

25 Unions and Intersections 
The union (u) of two sets consists of everything that is a 

member of at least one of the sets: 

The union can be diagrammed as follows: 
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Similarly, the intersection (n) of two sets consists of everything that 
is a member of both: 

The intersection can be diagrammed as follows: 

If Ad3 = 0, A and B are said to be disjoint. This means that 
they have no members in common. 

A number of simple properties of unions and intersections are 
obvious. Any of these that do not seem obvious can be made 
obvious by drawing Venn diagrams: 

(2.8) AnB = BrA ; AuB = BuA. 

(2.12) AnB c A ; A c AuB. 
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The formal proofs of these principles in the predicate calculus are 
trivial, because each is equivalent to a simple theorem of the 
predicate calculus. For instance, the first half of (2.8) is equivalent 
to: 

Some simple principles are not immediately obvious but can 
be proven very simply: 

(2.13) A c. B iff AnB = A. 

Proof: If A e B then those objects that are elements of both A 
and B are just those objects that are elements of A. Conse- 
quently, AnB = A. Conversely, suppose AnB = A. By (2.12), AnB 
c B, so if A d  and A are the same set then A (s B. (Note that 
what we are using here is the principle of the substitutivity of 
identity.) 

The proofs of the following principles are similar: 

(2.14) A c B iff AuB = B. 

Proof: exercise 

Proof: Suppose A c B and A c C. To show that A c BnC it 
suffices to show that (Wx)(xeA 3 x&nC), so suppose x d .  Then 
as A c B, xeB, and as A c C, xeC. Thus xâ‚¬Bn This holds for 
arbitrary x, so (Wx)(xd 3 xeBnC), i.e., A c BnC. 

Conversely, suppose A c BnC. By (2.12), BnC c B, so by 
transitivity (principle (2.3)), A c B. Similarly, A c C. 

(2.16) A e C & B e C iff AuB c C. 

Proof: exercise 

The following two principles are most easily seen with the 
help of Venn diagrams: 
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(2.17) (AuB)nC = ( A n W B n C ) .  

26 Relative Complements 
The complement of B relative to A is the set of all members 

of A that are not members of B: 

A-B  can be diagrammed as follows: 

The following two theorems are called De Morgan's Laws: 

Proof: This follows from De Morgan's laws in the propositional 
calculus: 

x d  - (BuC) iff x d  & xfBuC) 
iff x d  & -(xeB v xeC) 
iff x d  & x@ & xtC 
iff ( x d  & x@) & ( x d  & xeC) 
iff xe(A - B) & xe(A - C )  
iff xe(A - B)n(A - C )  

(2.20) A -  (BnC) = (A  - B)u(A - C).  

Proof: exercise 

Practice exercise: A - ( A d )  = A-B. 
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27 Power Sets 
Union, intersection, and complement are set-theoretic opera- 

tions. Set-theoretic operations generate new sets from old. The 
operations we have considered so far generate sets of the "same 
level" as those with which we begin. For instance, if A and B are 
sets of physical objects, so are AnB, AuB, and A-B. The next 
operation "moves us up a level", in the sense that if we begin 
with a set of physical objects, what we end up with is a set of sets 
of physical objects. This operation is the power set operation. The 
power set (P) of a set is the collection of all of its subsets: 

Def: P(A)= {X\XsA}.  

The reason for the name is that if A contains n members, then P(A) 
contains 2" members. 

By virtue of the definition: 

(2.21) XeP(A) iff X c A. 

Consequently: 

Proof: 0 is the only subset of 0, so it is the only member of P(0). 

(2.25) A e B iff P(A) G P(B). 

Proof: Suppose A e B. Then by transitivity, every subset of A is 
a subset of B, and hence P(A) c P(B). Conversely, suppose P(A) 
c P(B). Then every subset of A is a subset of B. But A e A, so 
A c B. 

Proof: exercise (Hint: use (2.15)) 
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Exercise: It is not always true that P(A\JP(B) = P(AuB). What 
are simple necessary and sufficient conditions for this identity to 
hold? 

2.8 Generaw Union and Intersection 
Given a class K of sets, the generalized intersection (11) of K 

consists of those elements that all members of K have in common, 
and the generalized union (u) of K consists of all elements that 
occur in at least one member of K: 

[\K is the set that results from intersecting all of the sets in K, and 

UK is the set that results from forming the union of all the sets in 
K. For instance, if K = {{1,2,3},{2,3,4},{3,4,5}}, then [\K = {3} 
and \\K = {1,2,3,4,5}. In general: 

(2.27) If K = {A1,...&} then [\K = A p  ..mi,, and \̂ K = Alu ...dn. 

Here are some simple theorems regarding generalized union and 
intersection: 

Proof: The members of u0 are those things that are members of 
at least one member of 0. But 0 has no members, so [J@ has no 
members. 

Proof: exercise 

Proof: x(:\\(ffuK) iff (3Y)[xeY & Y<-HuK\ 
iff (3Y)[xeY & (YEH v YeK)} 
iff (JY)[(xeY & YeH) v (xeY & YeK)} 
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iff (3Y)(x?Y & YeH) v (3Y)(xeY & YeK) 
iff xe\\H v XEUK 
iff XE(U H ) u ( ~ K ) .  

(2.31) If H c K then U H  s UK. 

Proof: exercise 

(2.32) If (VX)(XeK 3 X c A )  then U K  s A .  

Proof: Suppose (VX)(X& a X e A) .  Suppose X E ~ K .  Then for 
some X in K, x d .  But if XeK, X c A ,  so x e l .  Hence U K  c A .  

Theorem (2.32) can be diagrammed as follows: 

(2.33) M A }  = A .  

Proof: exercise 

(2.34) If H c K then [\K c OH. 

Proof: exercise 



SET THEORY 

(2.35) If A d  then {\K e A. 

Proof: exercise 

(2.36) If (Vy>(XeK 3 A e X) then A c nK. 

Proof: exercise 

3. Relations 

What contributes to the usefulness of set theory more than 
anything else is its ability to handle relations and functions. The 
key to this is the concept of an ordered pair. 

3.1 Ordered Pain 
Perhaps the original motivation for the concept of an ordered 

pair comes from mathematics, where we want to talk about a point 
in a plane being determined by its coordinates. Each point in the 
plane is associated with a pair of values, the first of which is the 
point's position relative to the x-axis and the second of which is 
its position relative to the y-axis. In specifying the coordinates it 
makes a difference which value comes first. The point associated 
with the coordinates 3,4 is different from the point associated with 
4,3. Here we are dealing with ordered pairs of coordinate values, 
because the order in which the values are listed makes a dif- 
ference. The ordered pair 3,4 cannot be identified with the set 
{3,4}, because the order in which the elements of the latter set are 
listed makes no difference to the identity of the set: {3,4} = 
{4,3}. 

Pointed brackets '(' and ')' are used when referring to 
ordered pairs. For example, (3,4) is the ordered pair whose first 
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member is 3 and whose second member is 4. An ordered pair (a,b) 
is a new sort of entity distinct from the unordered pair {a,b}. The 
identity of an unordered pair is determined by its members. The 
identity of an ordered pair, on the other hand, is determined by 
two things-its members and their order. This is captured by the 
following principle: 

(3.1) (x,y) = (z,w) iff x = z & y = w. 

In order to incorporate ordered pairs into set theory, we could 
simply adopt the concept of an ordered pair as a new undefined 
concept and take (3.1) as an axiom analogous to the axiom of 
extensionality for unordered sets. That is not the way it is 
generally done, however. Instead of taking ordered pairs as 
primitive, it is possible to construct sets that "work like ordered 
pairs", in the sense of satisfying (3.1), and ordered pairs are then 
identified with these constructed sets. The thing to be emphasized 
here is that the only principle regarding ordered pairs about which 
we care is that they satisfy (3.1), so any definition that results in 
their satisfying (3.1) is as good as any other. Several different 
constructions are known. The most popular is due to Kuratowski. 
First, we prove: 

(3.2) {{x},{x,y}} = {{z},{z,w}} iff x = z & y = w. 

Proof: By the substitutivity of identity, if x = z & y = w then 
{{x},{x,y}} = {{z},{z,w}}. Conversely, suppose {{x},{x,y}} = 
{{z},{z,w}}. Then these sets have the same elements, so one of 
two things must be the case. Either (1) {x} = {z} and {x,y} = 
{z,w}, or (2) {x} = {z,w} and {xq} = {z}. Suppose (1) is the 
case. As {x} = {z}, these sets must have the same members, so 
x = z. Then {x,y} = {z,y}. Furthermore, as {x,y} = {z,w}, we 
can conclude that {z,y} = {z,w}. Then either (i) y = w, or (ii) 
z = w and y = z. But in either case, y = w. Thus if (1) holds, 
x = z and y = w. On the other hand, suppose (2) holds. As {x} 
= {z,w}, then x = z = w. And as {x,y} = {z} we have x = y = 
z. Thus x = y = z = w. Consequently x = z and y = w. Thus 
regardless of whether (1) is the case or (2) is the case, x = z and 
y = w. 
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By virtue of theorem (3.2), {{x},{x,y}} works the way we want 
the ordered pair (x,y) to work. For this reason, ordered pairs are 
generally identified with such unordered sets, absolving us from 
taking ordered pairs as a new primitive concept: 

It should be understood that this is really no more than a technical 
trick. There is no sense in which ordered pairs are "really" such 
unordered sets. Rather, we have found something that works like 
an ordered pair, so we use that. We could just as well have used, 
for example, {{{x}},{{x},{y}}}. 

The Cartesian product (x) of two sets A and B is the set of all 
ordered pairs where the first member is taken from A and the 
second member is taken from B: 

For example, if A = {1,2} and B = {3,4} then AxB = 
{(1,3),(1,4), (2,3),(2,4)}. The Cartesian product of two sets can 
be diagrammed as follows: 

A x B  

This sort of diagram makes it easy to see that the following 
theorem is true: 
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(3.3) AxB = 0 iff either A = 0 or B = 0. 

(3.4) If A # EI & B + 0 then AxB = CxD iff A = C & B = 
D. 

Proof: exercise 

Proof: exercise 

Practice exercises: 
1. Ax(BnC) = (AxB)n(AxC). 
2. ( A x M C x D )  = (AnC)x(BnD). 
3. (AxB)u(CxD) c (AuC)x(BuD). 

3.2 Ordered n-tuples 
In addition to the concept of an ordered pair, it is convenient 

to have the concept of an ordered triple, an ordered quadruple, 
etc. In general, an ordered set of length n is called an ordered n- 
tuple. There are different ways of defining ordered n-tuples, but 
one way of doing it is to take an ordered triple to be an ordered 
pair whose first member is an ordered pair, an ordered quadruple 
to be an ordered pair whose first member is an ordered triple, and 
so on: 

This has the result that for any n 2, an ordered n-tuple is also 
an ordered pair. In general, if m < n then an ordered n-tuple is 
also an ordered m-tuple. 

We will frequently want to talk about ordered n-tuples for 
unspecified n, including the case in which n = 1. Strictly as a 
technical convenience, we will identify the ordered one-tuple ( x )  
with x itself. 
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3.3 The Extensions of Proparties and Relations 
Properties are "intensional items" in the sense that two 

distinct properties can be possessed by precisely the same objects. 
This can be expressed by saying that two distinct properties can 
have the same extensions. The extension of a property is the set 
of all objects possessing that property: 

Def: If F is a property, the extension of F is {xi x is F}. 

For instance, the property of being a unicorn is a different 
property than that of being a winged horse, but presumably the 
extension of each is the empty set. 

As the term 'relation' is used outside of set theory, relations 
are analogous to properties in that they too are intensional items. 
Two distinct relations could be such that the same objects stand in 
those relations to one another. This can be expressed by saying 
that two distinct relations can have the same extension. But the 
notion of the extension of a relation must be more complicated 
than the notion of the extension of a property. The extension of 
a two-place relation cannot be a set of individuals, because a 
relation does not deal with single individuals. Rather, a two-place 
relation deals with ordered pairs of individuals. For example, if we 
write, "John is taller than Bill" we are saying that the first member 
of the ordered pair (John,Bill) stands in the relation 'is taller than' 
to the second member. This suggests that we think of a two-place 
relation as a property of ordered pairs. For example, we can think 
of the relation 'is taller than' as a property possessed by all 
ordered pairs (x,y) such that x is taller than y. Thinking of 
relations in this way leads to the standard definition of the 
extension of a relation: 

Def: If R is a two-place relation, the extension of R is {(x,y) 1 
x stands in the relation R to y}. 

Not all relations are two-place relations. For example, 'is between' 
is a three-place relation. In general, the extension of an n-place 
relation can be regarded as a set of ordered n-tuples: 

Def: If R is an n-place relation, the extension of R is 
{(xl ,... J )  1 xi ,... J,, stand in the relation R to one 
another}. 
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A special case of this definition occurs when n = 1. One-place 
relations are properties, and the extension of a one-place relation 
P is then the set of all one-tuples (x) such that x has the property 
P. But we have identified (x) with x, so this coincides with our 
initial definition of the extension of a property. 

It turns out that for most purposes, anything we want to say 
about a relation can be reformulated as a statement about its 
extension. For example, rather than say that John stands in the 
relation 'is taller than' to Bill, we can say that (John,Bill) is a 
member of the extension of the relation 'is taller than*. It is this 
that makes set theory such a handy vehicle for talk about relations. 
For the purposes of set theory, relations are identified with their 
extenswns. A two-place relation becomes a set of ordered pairs, 
a three-place relation becomes a set of ordered triples, and so on. 

This section began with the observation that relations are 
intensional items that can be distinct while having the same 
extension, but we have now adopted a definition that has the 
opposite consequence. If relations are their extensions, then 
obviously distinct relations cannot have the same extension. This 
is a bit confusing. To resolve the confusion it is customary to 
distinguish between relations in intension and relations in extension. 
Relations in intension are the sorts of things that are analogous to 
properties of ordered pairs. Relations in extension are sets of 
ordered pairs. Thus the extension of a relation in intension is a 
relation in extension. In set theory, when we say 'relation' without 
qualification, we mean 'relation in extension'. Precisely: 

Def: R is a relation iff R is a set of ordered pairs. 

Still, there is the danger of philosophical confusion here. 
Identifying relations with their extensions is not sufficient to justify 
this definition. That identification makes a relation a set of 
ordered pairs, but does it make every set of ordered pairs a 
relation? This turns upon the question whether every set of 
ordered pairs is the extension of a relation in intension. It is not 
obvious that this is so. For example, we might have some strange 
infinite set of ordered pairs of numbers. Will there always be a 
relation having such an extension? Part of the difficulty in 
answering this question concerns the notion of a relation in 
intension. It is not clear what the limits are on what relations in 
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intension there are. For example, must relations in intension be 
in principle "mentally graspable"? Set theory tries to avoid this 
question rather than answering it, and it does this by simply 
stipulating that, for purposes of set theory, what is meant by 
'relation' is 'set of ordered pairs'. It is not clear, however, that this 
is entirely legitimate. The problem is that in some cases we want 
to establish the existence of a relation with certain properties (this 
is particularly true in mathematics). But without an affirmative 
answer to the question, "Is every set of ordered pairs the extension 
of a relation in intension?", establishing the existence of a relation 
in extension does not automatically establish the existence of a 
relation in intension having that extension. Thus it is not always 
clear that existence theorems in set theory have the significance 
they seem to have. 

Having expressed the above reservations, I will proceed to use 
the term 'relation' as is customary in set theory. We can define 
more generally: 

Def: R is an n-place relation iff R is a set of ordered n-tuples. 

Because ordered n-tuples are also ordered pairs, every relation is 
a two-place relation. Similarly, if m < n then every n-place 
relation is also an m-place relation. 

To make our notation more perspicuous, it is convenient to 
define: 

Def: xRy iff (x,y)eR. 

3.4 Operations on Relations 
The domain of a relation is the set of all things that stand in 

that relation to something: 

Analogously, the range of a relation is the set of all things to which 
the relation relates something: 
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The field of a relation is the union of the domain and range: 

To illustrate, consider the 'less than' relation on the positive 
integers (the integers greater than zero). The domain of this 
relation is the set of all positive integers. As there are no positive 
integers less than one, the range of this relation is the set of all 
integers greater than one. And the field is the set of all positive 
integers. 

If R is a relation, the R-image of a set A is the set of all 
things related to members of A by R: 

The range of R is just the R-image of the domain of R: 

A couple of elementary theorems follow: 

Proof: exercise 

(3.8) If A c B then R*A c R*B. 

Proof: exercise 

The converse of a relation is the relation that results from 
turning the first relation around: 

For example, the converse of 'is taller than' is 'is shorter than'. 
The converse of the converse of a relation is the original relation: 

(3.9) If R is a relation then (R-')-I = R. 

Proof: (R-')-' = { (x,y) \ ( y ~ ) e ~ - l }  = { (x,y) 1 (x,y)eR} = R. 
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Cartesian products are relations, and the converse of a Cartesian 
product is obtained by taking the product in the reverse order: 

Proof: exercise 

Taking the converse of a relation reverses the domain and range: 

The relative product of two relations is defined as follows: 

Schematically, x(R/S)y means that for some y, xRySz. For 
example, if R is the relation 'is the mother o f  and S is the 
relation 'is a parent o f  then R/S is 'is the mother of some parent 
o f ,  i.e., 'is a grandmother of .  

Practice exercises: 
1. D(RuS) = D(R)uD(S). 
2. R(RuS) = R(R)uR(S). 
3. R*(AnB) e R*(A)nR*(B). 
4. (R/S)/T = R/ S/ . i q  5 .  ( R / s ) - ~  = (s- ) / ( R - ~ ) .  
6. R/(SuT) = (R/S)u(R/T). 

3.5 Properties of Relations 
There are a number of important properties that relations 

may have. Let us define: 

Def: R is reflexive iff (Vx)[xeF(R) 3 xRx}. 

Def: R is irreflexive iff (Vx)-xRx. 

Def: R is symmetric iff (Vx)(Vy)(xRy 3 yRx). 

Def: R is asymmetric iff (Vx)(Vy)(xRy 3 -yRx). 



24 RELATIONS 

Def R is antisymmetric iff (Wx)(Wy)[(xRy & x f y)  3 -yRx}. 

Def: R is transitive iff (Wx)(Wy)(Vz)[(xRy & yRz) 3 xRz]. 

Def R is connected iff (Vx)(Wy)[x,yeF(R) 3 (xRy v yRx v x = 

Y)I? 

Def: R is strongly connected iff (Wx)(Wy)[x,y&(R) 3 (xRy v 
YR~)I.  

To illustrate, let '<' be the 'less than' relation on the integers, and 
let '<' be the 'less than or equal to' relation on the integers. < is 
irreflexive, asymmetrical, transitive, and connected. < on the other 
hand is reflexive, antisymmetric, transitive, and strongly connected. 

There are a number of connections between these properties. 
For instance: 

(3.12) If R is transitive and symmetric then R is reflexive. 

Proof: Suppose R is transitive and symmetric. Suppose xeF(R). 
Then either xeD(R) or xeR(R). If xeD(R) then there is a y such 
that xRy. Then by symmetry, yRx. Then by transitivity, as xRy 
and yRx, it follows that xRx. Analogously, if xeR(R) then xRx. 
Consequently, R is reflexive. 

(3.13) If R is asymmetric then R is irreflexive. 

Proof: exercise 

Practice exercise: Show that if R is, respectively, reflexive, 
irreflexive, symmetric, asymmetric, antisymmetric, transitive, 
connected, or strongly connected, then R-I is, respectively, 
reflexive, irreflexive, symmetric, asymmetric, antisymmetric, 
transitive, connected, or strongly connected. 

We write 'x,y?F(R)' as an abbreviation for 'xeT(R) & yâ‚¬F(R 
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3.6 Equivalence Relations 
If there were such a thing as the 'identity relation', it would 

be {(x,y) 1 x = y}. For reasons pertaining to the set-theoretic 
antinomies, it is generally granted that there is no such set, and 
hence no such relation (in extension). However, given any set A 
we can construct a relation that we can call 'the identity relation 
on A': 

Def: IdA = {(x,y) 1 x , y d  & x = y}. 

IdA can be completely characterized by saying that it is transitive, 
symmetric, and satisfies the substitutivity condition: 

Equivalence relations are those relations that have all of the 
algebraic properties of IdA but do not necessarily satisfy the 
substitutivity condition: 

Def: R is an equivalence relation iff R is a relation and R is 
transitive and symmetric. 

For instance, the relation 'is the same height as' is an equivalence 
relation. In light of (3.12): 

(3.14) If R is an equivalence relation then R is reflexive. 

An equivalence relation divides its field into disjoint subsets 
called 'equivalence classes', such that within each equivalence class 
all the elements are equivalent, and no elements in different 
equivalence classes are equivalent. The R-equivalence class of x is 
the set of all things equivalent under R to x. This is simply the R- 
image of x, R*{x}. Common notations for the R-equivalence class 
of x are 'R[x]' and '[x]~'. The following theorem tells us that all 
elements of a given equivalence class are equivalent, and no 
elements of different equivalence classes are equivalent: 

(3.15) If R is an equivalence relation and x,y?F(R) then R*{x} 
= R*{y} iff xRy. 
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Proof: Suppose R is an equivalence relation and x,yef(R). By 
(3.14), R is reflexive, so yRy. Thus yd?*^y}. Then if R*{x} = 
R*{y}, it follows that yd?*{x}, and hence xRy. Conversely, 
suppose xRy. Suppose zeR*{x}. Then xRz. As xRy, we have by 
symmetry that yRx, and then by transitivity that yRz. Thus 
zeR*{y}. Therefore, R*{x} s R*{y}. Analogously, R*{y} s 
R*{x}, so R*{x} = R*{y}. 

Different equivalence classes are disjoint: 

(3.16) If R is an equivalence relation and x,yef(R) and R*{x} 
# R*{y} then R*{x}nR*{y} = 0. 

Proof: exercise 

A partition of a set is a collection of disjoint non-empty 
subsets of a set that collectively exhaust all of the members of the 
set: 

Def: K  is a partition of A  iff 
(1) (VX)(Xâ‚ 3 X # 0); 
(2) (VX)(VY)[(X,YeK & X # Y) 3 XnY = 01; and 
(3) U K = A .  

We can think of a partition of A as dividing A into disjoint cells: 
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If R is an equivalence relation then the set of R-equivalence 
classes constitutes a partition of f(R). Conversely, each partition 
of a set generates an equivalence relation, namely, the relation 
between two objects of being in the same element of the partition. 

Practice exercises: 
1. If R is an equivalence relation, then {R*{x} 1 xef(R)} is a 
partition of T(R). 
2. If K is a partition of A then { ( x , y )  1 (3X)(Xe-K & x,yeX)} is 
an equivalence relation. 

3.7 Ordering Relations 
The set of natural numbers (that is, the positive integers 

together with zero) is called 'u'. The set u is said to be linearly 
ordered by the '<' relation. This means that the members of u can 
be arranged in a single line and then for any integers n and m, it 
can be read off from the positions of n and m on the line whether 
m < n: 

The official name for such a linear ordering is 'simple ordering'. 
Simple orderings are characterized by four properties: 

Def: R is a simple ordering iff R is a relation and R is 
transitive, reflexive, antisymmetric, and strongly connected. 

That simple orderings always arrange the elements of their field 
linearly can be seen as follows. Suppose R is transitive. This 
means that if we draw arrows between the elements of the field 
of R when they stand in the relation R to one another, we get 
lines (with the direction indicated by the arrows) such that 
anything to the left of something else on a given line stands in the 
relation R to it: 

Suppose R is also antisymmetric. Then if x is to the left of y on 
a line, y is not also to the left of x, i.e., the line does not go 
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around in a circle. If in addition R is strongly connected, then 
everything in its field lies on a single line. Finally, if R is reflexive 
then everything is related to itself, so R is analogous to '<' rather 
than '<'. 

If we look at the relation '<' on u, it is not a simple ordering. 
It is instead what will be called a strict simple ordering: 

Def: R is a strict simple ordering iff R is a relation and R is 
transitive, asymmetric, and connected. 

By theorem (3.13), a strict simple ordering is automatically 
irreflexive. The difference between a simple ordering and a strict 
simple ordering is that the simple ordering relates everything to 
itself (it is reflexive) and the strict simple ordering is irreflexive. 
This is captured by the following two theorems: 

(3.17) If R is a strict simple ordering then Ru{(xj) \ xeF(R)} 
is a simple ordering. 

(3.18) If R is a simple ordering then R-{(xj) \ xeF(R)} is a 
strict simple ordering. 

Theorem (3.17) says that if we add to R all ordered pairs ( x j )  for 
x in F(R), thus constructing a relation identical to R except that 
it is also reflexive, we obtain a simple ordering. And theorem 
(3.18) tells us that if we start with a simple ordering and remove 
all those pairs (x j ) ,  what is left is a strict simple ordering. The 
proofs of these theorems are left as an exercise. 

Both simple orderings and strict simple orderings arrange the 
elements of their field linearly, and are called 'linear orderings'. 
Unfortunately, terminology is not uniform throughout set theory 
and in many texts strict simple orderings are called 'simple 
orderings'. 

A weaker kind of ordering is a partial ordering. Instead of 
arranging the elements of its field on a single line, a partial 
ordering arranges them on several possibly branching lines. For 
example, a partial ordering might look like this: 
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The difference between a simple ordering and a partial ordering 
is that a partial ordering is not strongly connected: 

Def: R is a partial ordering iff R is a relation and R is 
transitive, reflexive, and antisymmetric. 

For example, consider the subset relation between subsets of some 
given set A: 

This relation is a partial ordering. It is obviously transitive, 
reflexive, and antisymmetric, but it is not strongly connected 
because it is not automatically true that given any two subsets of 
A, one will be a subset of the other. 

A strict partial ordering is like a partial ordering except that 
it is irreflexive instead of reflexive: 

Def: R is a strict partial ordering iff R is a relation and R is 
transitive and asymmetric. 

(Recall that by (3.13), asymmetry guarantees irreflexivity.) An 
example of a strict partial ordering is the proper subset relation 
between subsets of some given set A: 

= {(X,Y)l X c A  & Y e A  & X c  Y}. 

Another example is the relation 'is an ancestor of.  
The final kind of ordering relation that we will consider is a 

well ordering. A well ordering is a special kind of simple ordering. 
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It is best explained by contrasting the ordering of u by < and the 
ordering of the set of all real numbers Rl by <. Given any 
nonempty set of integers, there is always a first member of that 
set. But this is not true of sets of real numbers. There can be 
nonempty sets of real numbers that do not have first members. 
For example, consider the set of all real numbers larger than 1 but 
less than 2. There is no smallest real number larger than 1, so 
this set has no first member. A well ordering is a simple ordering 
in which every nonempty set of elements has a first member. So 
the integers are well ordered by < but the real numbers are not. 
To make this precise, we define: 

Def: x is an R-first element of A iff x d  and (Vy)(yeA 3 xm). 

Def: x is a well ordering iff R is a simple ordering and every 
nonempty subset of F(R) has an R-first element. 

Well orderings are of importance because if a set is well ordered 
we can think of its members being linearly ordered in such a way 
that each element has a place marked by an ordinal number. In 
that case we can talk about the first member, the second member, 
etc. It is a generalization of this that leads to the notion of a 
transfinite ordinal number. Transfinite ordinals mark places in 
infinite well ordered sets. This is a matter of great interest in set 
theory, but we will not pursue it in detail here. 

4. Functions 

A function is a mapping of objects onto objects. To each 
object in its domain a function assigns a unique value (another 
object). For example, to each natural number the function (x+l) 
assigns the next larger number. Similarly, to each person the 
function 'the father of x' assigns a particular person-his father. 
Corresponding to each one-place function f is a two-place relation 
Rf such that 'x stands in the relation Rf to y' is equivalent to 'f(x) 
= y'. A relation R obtained in this way from a function will have 
the characteristic t f! at for each object x in its domain, there is only 
one thing y to which x stands in the relation Rf; y must be f(x). 
Such relations are called functional relations. Corresponding to 
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each function is a functional relation. Next, notice that cor- 
responding to each functional relation R (relation in intension, not 
extension) is a function fR where 'fR(x) = y7 is equivalent to 'y is 
the unique thing that stands in the relation R to x'. Furthermore, 
for any function f, 

i.e., the function that corresponds to the functional relation that is 
obtained from the original function is the original function itself. 
This correspondence between functions and functional relations 
justifies our identifying a function with its corresponding relation. 
Thus the terms 'function' and 'functional relation' will be used 
interchangeably. 

Notice that our reservations about whether every relation in 
extension is the extension of a relation in intension carry over to 
functions. Let us define a function in extension to be a relation in 
extension that satisfies the condition that each object in its domain 
is related to exactly one object in its range: 

Def: R is a function in extension iff R is a relation in extension 
and (Vx)[x?D(R) 3 there is a unique y such that xRy}. 

Clearly, the extension of a function (a functional relation in 
intension) is always a function in extension, but for the reasons 
discussed earlier it is not clear whether every function in extension 
is the extension of a function. It is generally supposed that this is 
the case, but it is hard to find any justification for this assumption. 
It is not easy to see how one might go about answering this 
question because of unclarities in the notion of a function itself. 
It is not clear what boundaries there are on what functions exist. 
Our strategy is to dodge this issue rather than trying to resolve it. 
Just as in the case of relations, in set theory we confine our 
attention to functions in extension, distinguishing between them 
and functions in intension, and we reserve the term 'function' for 
functions in extension. 

The preceding definition is for one-place functions. We can 
extend it to n-place functions by regarding the latter as one-place 
functions of ordered n-tuples. To make our notation look more 
conventional we define: 
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Def: Iff  is a function, f(x) = y iff xfy. 

Def: Iff  is an n-place function, f(xi, ...,xn) = f((xl, ...,xn)). 

4.1 Mappings Into and Onto 
Our definitions of 'domain', 'range', and 'field' carry over 

directly to functions. A function is said to map its domain onto its 
range. If f(x) = y, we sometimes say that f maps x onto y. More 
generally, applying the notion of the relational image of a set to 
the special case in which the relation is a function, we obtain the 
functional image of a set: 

Def: Iff  is a function, PA = {yl (3x)(xeA & y = f(x)}. 

A more perspicuous way of writing this definition is: 

PA is the set of all objects to which f maps elements of A. It can 
be diagrammed as follows: 

We say that a function maps one set into another if the f-image 
of the first set is a subset of the second set: 
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Def: f A  - B iff f is a function & A e D(7) & f*A Q B. 

We say that a function maps one set onto another if it maps the 
first set into the second, and the f-image of the first set includes 
all of the second set: 

Def: f A  - B iff f is a function & A e D(f) & f*A = B. 
onto 

For instance, the function (x+l) maps the set q of natural 
numbers into itself. But it does not map u onto itself because 0 
is not in the range of this function. 

4.2 Operations on F i n s  
Suppose g maps A onto B, and f maps B onto C: 

By putting these two mappings together, we get a mapping of A 
onto C. This is called the composition off and g and is defined 
as follows: 

(4.1) If xeDCfog) then (fog)(x) = f(g(x)). 

Notice that fog is just the relative product fig. 
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4.3 The RestnCtion of a Function 
The restriction of a function f to a set A is the function that 

results from restricting the domain off  to A: 

For example, iff is the function 'x+19 on the natural numbers, and 
0 is the set of odd numbers, then fro is the function 'x+l '  
defined just for the odd numbers. 

Practice exercises: 
1. D(flA) c A. 
2. D('A) = A iff A c D o .  

4.4 One-One Functions 
A function maps its domain onto its range. Some functions 

have the further characteristic that no two elements of their 
domain are mapped onto the same element of their range. Such 
functions establish a one-one correspondence between the objects 
in their domain and the objects in their range and are called one- 
one functions: 

Def: f is a one-one function iff f is a function and for each x 
and y in Dm, if x # y then f(x) # f(y). 

A function f is also a relation, and f" is its converse. f"' will not 
usually be a function, but iff is one-one then it establishes a one- 
one correspondence between elements of the domain and elements 
of the range, and hence f-' is also a function. The converse of a 
one-one function is called its inverse. We have the following 
theorem: 

(4.2) f is a one-one function iff both f and f'l are functions. 

We introduce the terminology 'f maps A one-one onto (or into) 
B' : 

1-1 
Def: /Â¥ - B iff f \A is a one-one function and f\A - 5. 

onto onto 
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1-1 
Defi /Â¥ - B iff f \A is a one-one function and f\A - B. 

Practice exercise: If f is a one-one function and xeD0) then 
f-lv(x)) = X. 

4.5 Ordered n-tuples 
We defined ordered n-tuples in terms of ordered pairs, 

stipulating that (x~,...&+~) = ((xi, ...,~,,),x,,+~). There is another 
common way of defining ordered n-tuples, and that is in terms of 
functions. Corresponding to each ordered n-tuple (xi,...&) is a 
function f such that (1) the domain of f is the set of n non- 
negative integers, {O, ..., n-l}, and (2) for each i < n-1, f(i) = 
xi+i. f is just a mapping from {O, ..., n-I} to {xi, ...,xu} where the 
mapping indicates the ordering of the x,'s in terms of the ordering 
of the integers corresponding to them. The alternative definition 
of ordered n-tuples identifies them with these functions, i.e., it sets: 

This is an elegant way of proceeding, and the reader will no doubt 
encounter it occasionally, but it will not be used in this book. 
Note that it has one disadvantage. This is that it cannot be used 
to define 'ordered pair', because the definition requires a prior 
notion of ordered pairs. Thus ordered pairs must be defined in 
the standard way, which is then different from the way ordered 
n-tuples for all n > 2 are defined. 

4.6 Relational Structures and Isomorphisms 
A relational structure is just a set together with a group of 

relations each having that set as its field. The simplest case is that 
of a set and a single relation. For instance, (u,<) is a relational 
structure consisting of the natural numbers and the ordering 
relation <. The more general case of a relational structure gives 
us (n+l)-tuples of the form (A,%, ..., Rn) where each Ri is a 
relation whose field is A. A is called 'the field' of the relational 
structure because it is the field of all the relations in the structure. 
Relational structures are the subject matter of most mathematical 
theories, but one should not suppose that they are of significance 
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only in mathematics. Many philosophical theories can be viewed 
as attempts to describe relational structures. For instance, we 
might consider a philosophical theory that is about concepts and 
their entailment relations. Taking C to be the set of all concepts, 
and E to be the relation of entailment between concepts, this 
theory could be viewed as being about the relational structure 
(C?E) .  

It is generally the abstract form of a relational structure that 
is of interest. When two relational structures have the same form, 
we say that they are isomorphic. More precisely, to say that (A&,..&) 
is isomorphic to (B,Sl, ..., S,,) is to say that A and B can be put 
into a one-one correspondence in such a way that for each of the 
Ris, elements of A stand in Ri to one another iff the correspond- 
ing elements of B stand in the corresponding relation Si to one 
another. Such a one-one correspondence is an isomophism. This 
is defined as follows: 

Def: If (A,Rl ,..., R )  and (B,Sl ,..., S_) are relational structures, 
then (A,Rl ,..., Rn) =f (B,Sl ?..., Sn) iff 
(1) f maps A one-one onto B; and 
(2) for each Ri, if Ri is a k-place relation then Si is also 

a k-place relation, and for each k-tuple (X~,...~X^} of 
elements of A, (xi ,... &)eRi iff {f(xl) ,... f(xk))GSi. 

An isomorphism maps A one-one onto B in such a way as to 
preserve the structure of the relational structures. For example, 
if R simple orders A and S simple orders B and we draw A and 
B as lines, then if we draw arrows between A and B representing 
f, the arrows will not cross (indicating that the ordering is the same 
for both A and B): 

In general, an isomorphism preserves the structure of the relations 
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involved in a relational structure. For instance, we have the 
following simple theorems: 

(4.3) If (A,R) and (B,S) are relational structures and (A,R) 
=f (B,S), then R is transitive iff S is transitive. 

Proof: Suppose (A,R) and (B,S) are relational structures, (A,R) 
(B,S), and R is transitive. To show that S is transitive, sup ose 

x,y,zeB and xSy & ySz. f(fl(x)) = x, fifl(y)) = y, and f(fr(̂ )) 
= z, so f -l(x)~f -'(y) iff x..Yy,f-l(y)~f-~(z) iff ySz, and f \ x ) ~ f -  (z) 
iff xSz. As xSy & Sz, f-l(x)~f-'(y) & f-l(y)~f-l(z). R is ^ transitive, so f ^ ( x ) ~ f  (2). But then xSz. So S is transitive. 

Obviously, the same style of proof can be used for virtually any 
property of relations to show that if one relational structure has 
the property then so does another relational structure isomorphic 
to the first. In particular, 

(4.4) If (A,R) and (B,S) are relational structures and (A,R) 
(B,S), then R is a simple ordering of A iff S is a 

simple ordering of B. 

Proof: exercise 

(4.5) If (A,R) and (B,S) are relational structures and (A,R) 
=f (B,S), then R is a well ordering of A iff S is a well 
ordering of B. 

Proof: exercise 

5. Recursive Definitions 

A definition of a concept uniquely determines what objects 
exemplify the concept under any possible circumstances. There is 
more than one way to do this. The most straightforward kind of 
definition is an explicit definition. An explicit definition gives 
necessary and sufficient conditions for something to exemplify the 
concept. For example, one might define 'bachelor' by saying that 
something is a bachelor iff it is an unmarried man. But frequently 
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in logic, mathematics, and technical philosophy, we encounter 
definitions of another sort. For instance, in the propositional 
calculus we might define 'formula' by stipulating: 

(i) an atomic formula is a formula; 
(ii) if P is a formula then -P is a formula; 
(iii) if P and Q are formulas then (P&Q) is a formula; 
(iv) nothing is a formula that cannot be obtained by 

(i) - (iii). 

Here we give rules for constructing formulas from a basic set (the 
atomic formulas) and one another, and then stipulate that 
something is a formula only if it can be constructed using those 
rules. This is an example of a recursive definition. Recursive 
definitions look circular, because the concept being defined (in this 
case, 'formula') appears within the definition. One of the triumphs 
of set theory is that it enables us to see how recursive definitions 
are to be understood and makes it possible to replace recursive 
definitions with explicit definitions. 

A recursive definition of a set A begins by stipulating that the 
members of some initial set An are in A. An is the basis for the 
recursive definition. Then it stipulates that anything standing in 
any of a list of relations Ri, ..., Rk to things already in A are 
themselves in A. Taking Rl to be an (n+l)-place relation, R2 to 
be an (m+l)-place relation, etc., a recursive definition has the 
general form: 

(i) if x*, then x d ;  
(iil) if xl ,... ,x,@ and (xl ,... M y ,  then y d ;  
(ii2) if xl ,... &eA and (xi ,... &)Rg,  then y d ;  

(iik) if xl ,... ,x,eA and (xl ,... ,xj)Rg, then y d ;  
(iii) nothing is in A that cannot be obtained by (i)-(iik). 

To illustrate, consider once more the recursive definition of the set 
of formulas of the propositional calculus. There the basis An is 
the set of atomic formulas. y stands in the relation Rl to x iffy 
is the negation of x, and z stands in the relation R2 to (x,y) iff z 
is the conjunction of x and y. 
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Recursive definitions can be explained in terms of the concept 
of set-theoretic closure. A set A is closed under a relation R 
provided everything that is R-related to members of A is also a 
member of A: 

Def: If R is an (n+l)-place relation then A is closed under R 
iff, for any x1 ,... ,xd, if (xi ,... ,xn) Ry then ye-4. 

In other words, collecting objects R-related to members of A does 
not give us anything that is not already in A. For example, the set 
of formulas of the propositional calculus is closed under negation 
because the negation of any formula is a formula. We say that a 
set is closed under a class of relations iff it is closed under all the 
relations in the class: 

Def: If K is a class of relations, then A is closed under K iff A 
is closed under every member of K. 

Clause (i) of our schematic recursive definition tells us that 
A contains all the elements of the basis An. Clauses (iil)-(iik) 
amount to stipulating that A is closed under the relations Rl, ..., Ri^. 
Clause (iii) is intended to stipulate that A is the smallest set 
satisfying the other conditions. Such a smallest set is called the 
closure of An under Rl, ..., Rk But why should we think there is 
any such smallest set? Set theory allows us to define the closure 
explicitly and prove that it is the smallest set containing the basis 
and closed under Rl, ..., Rk The explicit definition of the closure 
is as follows: 

Def: CdAO) = [\{XI An c X & X is closed under K} .  

It must now be shown that CdAo), so defined, is indeed the 
smallest set containing An and closed under K. Let 

M = {XI An G X & X is closed under K} .  

Then: 
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Proof: CdAo) = flM. If X^M then An e X, so by theorem 
(2.36), A. c flM, i.e, A. G C&lo). 

(5.2) Cp(Ao) is closed under K. 

Proof: Pick any R in K. Suppose R is an (n+l)-place relation. 
We will show that Cv(Ao) is closed under R. Suppose 
xl ,... ,xneCK(Ao) and (xl ,... ,xn) Ry. Then x1 ,... ,x&lM, so for each 
X in M, x1 ,... ̂JÂ£X But each X in M is closed under R, so as xi ,... &EX 
and (xi, ...,x)Ry, it follows that yeX. This holds for each X in M, 
so yenM, i.e., yeCv(An). Therefore, CK(AO) is closed under every 
R in K, and hence C&ln) is closed under K. 

(5.3) Cv(Ao) is the smallest set containing A. and closed under 
K, i.e., if XeM then C f i )  G X. 

Proof: Ci/Ao) = nM. If XeM then flM c X, so C f l o )  c X. 

The concept of the closure of a set under a class of relations 
makes precise the concept of a recursive definition. A recursive 
definition can be transformed into an explicit definition by 
considering the closure of its basis under the relations used in the 
recursion. For example, we could replace the definition of 
'formula of the propositional calculus' given above by the explicit 
definition: 

where At is the set of atomic formulas. 
Consider another example of the use of set-theoretic closure 

to define a complicated concept. Given a relation R, the ancestral 
of R, symbolized Rm, is intuitively supposed to be 

The name comes from the fact that if R is the relation 'parent of' 
then Rm is the relation 'ancestor of.  That is, xRmy iff either x is 
a parent of y, or x is a parent of a parent of y, or x is a parent 
of a parent of a parent of y, or etc. We can give an explicit 
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definition of the ancestral in terms of set-theoretic closure. We 
first define the set of R-descendants of an object x. This could be 
done recursively as follows: 

(i) if xRy then y is an R-descendant of x; 
(ii) if y is an R-descendant of x and yRz then z is an 

R-descendant of x; 
(iii) nothing is an R-descendant of x that cannot be 

obtained by (i) and (ii). 

This can be turned into an explicit definition. Recall that R*{x} 
= {y 1 xRy}. Then define: 

The ancestral of R is then: 

(5.4) If R is a relation then R e Rm. 

Proof: Suppose (x,y)eR. Then yeR*{x}. By (5.1), R*{x} e 
Rm{x}, so ycRm{x}. Thus (x,y)(E^". 

One of the most important features of set-theoretical closure 
is that it gives rise to a general principle of mathematical induc- 
tion. Consider the special case of the closure of a set under a 
single binary relation: CjR}(Ao). Consider some property P, and 
suppose we can establish: 

(a) if x- then x has P; 
(b) if x has P and xRy then y has P. 

We can think of the closure as resulting from adding to An 
everything standing in the relation R to any member of An, and 
then adding everything standing in the relation R to anything in 
the resulting larger set, and so on indefinitely. Everything in An 
has P, and anything R-related to something that has P has P, so 
in constructing CJ^}(Ao) we never add anything that does not have 
the property P. Thus from (a) and (b) it should follow that 
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everything in CiRI(Ao) has the property P. This is the principle 
of set-theoretic induction: 

(5.5) If R is a binary relation and P is a property such that 
(a) if x+, then x has P; 
(b) if x has P and xRy then y has P. 
then everything in CIR}(Ao) has P. 

Proof: Let A = { x  \ X ~ C { ~ } ( A ~ )  & x has PI. By (a), A. S A, 
and by (b), A is closed under R. Therefore, by (5.3), C{Rl(Ao) c 
A, i.e., everything in Ci^(Ao) has P. 

Obviously, this principle can be generalized to apply to arbitrary 
set-theoretic closures (not just closures under a single binary 
relation). The formulation of the general principle is left as an 
exercise to the reader. 

The principle of set-theoretic induction is an extremely 
powerful principle that can be used to prove important theorems 
about specific sets defined by set-theoretic closure. A proof by 
set-theoretic induction proceeds in two steps. The first step is 
what is called the basis step. In this step, it is shown that the 
members of the basis A. have the property P. Then in the 
induction step, we suppose that x has P and suppose that xRy, and 
show that it follows from this that y has P. The supposition that 
x has P is called the induction hypothesis. This terminology is 
useful as a bookkeeping device for keeping track of where you are 
in a proof. To illustrate its use, consider a pair of simple 
theorems proven by set-theoretic induction: 

(5.6) If X E C { ~ ) ( A ~ )  then either xeAy or for some y in C{Rl(Ao), 
Y B .  

Proof: We prove this by set-theoretic induction. For the basis 
step, we must prove that if x d o  then either x d o  or for some y 
in Ci^(Ao), yRx. But this is a tautology, so the basis step is 
established. For the induction step, suppose XEC{~}(A~)  (this is 
the induction hypothesis) and suppose yRx We must show that 
yeCfR1(Ao). But this follows immediately from the fact that 
C{Rl(A0) is closed under R. Thus the induction step is completed, 
and the theorem follows. 
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The proof of the following theorem is analogous, and it is left as 
an exercise to the student: 

(5.7) If X E C { ~ ~ ( A ~ )  then either xeAy or xeR*AO or for some 
Y in ctR}(R*A0), YB. 

Next, let us use set-theoretic induction to prove a more difficult 
theorem. The following theorem about ancestrals seems obvious, 
but it is extremely difficult to prove it without using set-theoretic 
induction. 

(5.8) Rw is transitive. 

Proof: We want to show that if xRwy and yRwz then xRwz, i.e., 
show that if yeR'Â¡{x and zeR'Â¡{y then zdZw{x}. Equivalently, 
suppose yeRw{x}, and prove that for any z, if z&Rm{y} then 
zeR^{x}. We do this by set-theoretic induction, recalling that Rw{y} 
is Ct^(R1(R*{y}). Let P be the property of being a member of 
Rw{x}. 

For the basis step, suppose zeR*{y}. In other words, yRz. 
By hypothesis, yeRw{x}, and Rw{x} is closed under R, so zeRw{x}, 
i.e., z has P. 

For the induction step, suppose w has P and wRz. In other 
words, weRw{x}. Rw{x} is closed under R, so z m x } ,  i.e., z has 
P. 

Therefore, zeRm{x}, i.e., (x,z)eR"'. 

The following useful theorem brings together several concepts 
defined in separate contexts: 

(5.9) If (A,R) and (5,s)  are relational structures and (A,R) 
sf ( B , S )  then (A,Rw) zf (B,^). 

Proof: Suppose (A,R) =f (B,S) and x,yeA. We must show that 
xRwy iff f(x)SÂ¡f(y Suppose x ~ ^ y ,  i.e., ye~'Â¡{x} We want to 
show that f(y)eSÂ¡{/'(x)} We prove this by set-theoretic induction, 
letting P be the property of y expressed by 'f(y)e.!?"{f(x)}': 

For the basis step, suppose yeR*{x}. Then xRy. As (A,R) 
(B,S), f(x)Sf(y\ But then f(y)eS*{f(x)}, so f(y)e.!?"{f(x)}, is., 

(y) has P. 7 
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For the induction step, suppose y has P and yRz. Then 
f (y)~Pv(x)}  and f(y)Sf(z). Pv(x)}  is closed under S, so 
f(z)&'v(x)}, i.e., f(z) has P. 

It follows by set-theoretic induction that every member of Rm{x} 
has P. Therefore, f(y)~S"'~(x)}. So if xRmy then f(x)S"'f(y). The 
converse is analogous, 

Practice exercises: 
1. RIR c Rm. 
2. (Rmy = Rm. 

6. Arithmetic 

One of the main reasons that set theory is considered 
philosophically important is that it provides a foundation for 
mathematics in the sense that (a) all of the concepts of classical 
mathematics can be defined within set theory, and (b) all of the 
theorems of classical mathematics become theorems of set theory 
given these definitions. It became apparent in the nineteenth 
century, through the work of such mathematicians as Dedekind 
and Cauchy, that all of classical mathematics can be constructed 
on the basis of set theory and the arithmetic of the natural 
numbers, so what remains is to show that arithmetic can be 
reduced to set theory. 

6 1  A?am3&m 
The natural numbers are the non-negative integers 0,1,2, ... . 

Arithmetic is the theory of the natural numbers. It is commonly 
alleged that the natural numbers can be defined within set theory. 
The standard procedure is to define zero to be 0, and then each 
subsequent natural number is taken to be the set of all its 
predecessors. Thus: 
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This is apt to seem mysterious. Is zero really the empty set? 
Surely not, any more than the ordered pair (x,y) is "really" the set 
{{x},{x,y}}. Rather, what the set theorist is doing is constructing 
a sequence of sets that "work like the natural numbers". But what 
is it to work like the natural numbers? That is answered by 
turning to what are known as Peano's axiom. This is a set of 
axioms that completely characterizes the structure of the natural 
numbers. They are actually due to Dedekind, who conveyed them 
to Peano in a letter. Peano explicitly represented them as being 
due to Dedekind, but in one of the great injustices of intellectual 
history, they have become known as 'Peano's axioms'. They 
proceed in terms of the primitive symbols N ('is a natural 
number'), 0, S (the successor function, i.e., x+l), and are as 

N(0). 
If N(x) then N(S(x)) (if x is a number, so is its 
successor). 
-(lx)[N(x) & 0 = S(x)] (0 is not the successor of 
any number). 
If N(x) & N(y) and S(x) = S(y) then x = y (if two 
numbers have the same successor, they are the same 
number). 
If OEX and (Wx)[if N(x) & XEX then S(x)dI ,  then 
(Wx)(N(x) 3 x & )  (mathematical induction). 

P5 is the principle of mathematical induction. Most theorems 
about natural numbers are proven using mathematical induction. 
It is useful to reformulate P5 as follows: 

Princi#e of Mathematical Induction: 
Suppose P is a property such that: (1) 0 has and (2) 
for any natural number n, if n has P then S(n) has P. 
Then all natural numbers have P? 

It might be doubted that this is really equivalent to PS, on the grounds 
that there need not be such a set as the set of all things having the property 
P. But there is never any difficulty about there being such a set as the set of 
all natural numbers having P, and that is all that is required for the equivalence. 
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Perhaps the simplest way to understand the principle of mathe- 
matical induction is to think of the natural numbers as analogous 
to a row of falling dominoes. Once the first domino tips, each of 
the rest tips in turn. 

A proof by mathematical induction that all natural numbers 
have some property P proceeds by two steps. The first step is 
what is called 'the basis step' and consists of a proof that 0 has 
P. The second step is the 'induction step' and consists of proving 
that if a number has P so does its successor. It then follows that 
every natural number has P. In the induction step, we typically 
proceed by saying, 'Suppose n has I" and then proving that S(n) 
has P. The supposition that n has P is called 'the induction 
hypothesis'. This terminology is useful for the purpose of making 
it clear where we are at any given point in a proof by mathemati- 
cal induction. This will be illustrated below. 

Our previous work on set-theoretic closure enables us to see 
exactly how Peano's axioms characterize the natural numbers. 
Intuitively, the natural numbers are what we get when we start 
with 0 and then keep adding one. In other words, the set of all 
natural numbers is the closure of { O }  under the successor function. 
The conjunction of three of Peano's axioms turn out to be 
equivalent to this obse~ation. k t  us define: 

We will prove that the conjunction of Pl, P2, and P5 holds iff the 
natural numbers are the same things as the members of u. It is 
best to break this into two separate theorems: 

(6.1) If (Wx)(N(x) = x a )  then PI, P2, and P5 hold. 

Proofi Suppose (Wx)(N(x) = xeu). Then: 
(a) Ow, so N(O), i.e., P l  holds. 
(b) u is closed under S, so if x a  then S(x)eu, i.e., P2 holds. 
(c) Suppose and (~x)(if N(x) & XEX then s(x)&). k t  M 
= {Yl k Y  & Y is closed under S}. u = flM, so if Y& then u 
c Y. k t  Y = X m  Then k Y .  Suppose XEY. Then N(x) and x&. 
It follows from the hypothesis that S(x)&, and of course S(x)a,  
so S(x)&m, i.e., S(x)eY. Therefore, Y&, and hence u c Y. But 
Y c X, so u s X. In other words, (Wx)(N(x) 3 x&). So P5 holds. 
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(6.2) If P ly  PZY and P5 hold then (Wx)(N(x) z x a ) .  

Prook Suppose P ly  P2, and P5 hold. O a  and (Wx)(xa 3 S(x)a), 
so by PSY (Wx)(N(x) 3 xw). To prove the conversey we use the 
principle of set-theoretic induction (theorem (5.5)). Recall that u 
= Cis}({O}). By P l y  if xdO} then N(0). By PZy if N(x) and y = 
S(x) then Nb). Thus by (52$ (Wx)(xw 3 N(x)). 

The remaining two axiomsy P3 and P4, characterize the successor 
function. The best way to understand this characterization is by 
considering the relationship between the successor function and 
'less than'. If x and y are natural numbers then x < y iffy = S(x) 
or y = S(S(x)) or ... . In other wordsy we can define 'less than' 
on the natural numbers as the ancestral of the successor function: 

Defi < = 

Defi n s m i f f n < m v n  = m .  

The import of P3 and P4 is then explained by the following 
theorem: 

(6.3) If P ly  PZY and P5 holdy then P3 and P4 hold iff < strict 
simple orders u. 

The proof of (6.3) turns out to be rather complicated. In order 
to prove ity we must first prove some preliminary theorems. 

We begin by noting that < is transitive. This follows im- 
mediately from the fact that the ancestral of any relation is 
transitive: 

(6.4) < is transitive. 

The following theorem results from spelling out the definition of 
<: 

(6.5) m < n iff n~C{~}({S(rn)}). 

ProoE 'm < n' was defined to mean that m p n .  This in turn was 
defined to mean that n ~ p { m } ~  which was in turn defined to mean 
that n~C{~}(s*{m})~  i.e., n~c{~}({S(m)}). 
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(6.5) enables us to see that as an immediate consequence of 
theorem (5.6) we have: 

(6.6) m < n iff either n = S ( m )  or (3y)(m < y & n = S(y)). 

Proof: From right to left is easy. m < S(m),  so if S ( m )  = n then 
m < n. On the other hand, suppose there is a y such that m < 
y and S(y) = n. Then we have m < y < S(y) = n,  so m < n. 
For the converse, recall (5.61, which tells us that: 

If X G C ~ ~ } ( A ~ )  then either x d 0  or ( ~ Y ) ~ E C ~ ~ } ( A ~ )  & 
YBI. 

As an instance of this we have: 

By (6.5) this is equivalent to: 

I f  m < n then either n = S(m)  or ( l y ) [ m  < y & S(y) 
= n]. 

We prove the following theorem in a precisely similar fashion using 
(5.7) in place of (5.6): 

(6.7) If m < n then either n = S(m)  or n = S(S(m))  or 
( I Y ) [ S ( ~ )  < Y & n = xY) l .  

We have two quick corollaries of (6.6): 

(6.8) If n a  then n < S(n). 

(6.9) If P3 holds and x a  then - (x  < 0). 

Proof: If x < y then by (6.61, (1z)y = S(z),  but then by P3, y # 
0. 

The following theorem is easily proven by mathematical induction 
using (6.6): 
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(6.10) If neu & n # 0 then 0 < n. 

Proof: exercise 

(6.11) If neu then 0 < S(n). 

Proof by induction. Details left as an exercise. 

(6.12) If m < n then S(m) < n. 

Proof: Suppose m < n. Then by (6.7), either (a) n = S(m) or 
(b) n = S(S(m)) or (c) (3y)[S(m) < y & n = S(y)]. By (6.6), the 
disjunction of (b) and (c) holds iff S(m) < n. 

We have observed that < is transitive. To show that it is a 
strict simple ordering, it remains to show that it is connected and 
asymmetric. Connectedness follows from its definition in terms of 
set-theoretic closure and does not require the assumption of any 
of Peano's axioms: 

(6.13) < is connected. 

Proof: We will prove by set-theoretic induction that for each n in 
u, (Vm)[met) 3 (n = m v n < m v m < n)]. By (6.101, if m # 0 
then 0 < m. Now suppose that (Vm)[meu 3 (n = m v n < m v 
m < n)], and let us show that (Vm)[meu 3 (S(n) = m v S(n) < m 
v m < S(n))]. Suppose met). If n = m, then m < S(n). If m < 
n, then as n < S(n), it follows that m < S(n). Suppose, finally, 
that n < m. Thus by (6.6), either m = S(n) or for some y such 
that n < y, m = S(y). In the latter case, by (6.12), S(n) y < S(y) 
= m, so S(n) < m. 

It is only for the proof of asymmetry that we must assume P3 
and P4. We begin by noting the following consequence of P4: 

(6.14) If P4 holds then m < S(n) 3 m < n. 

Proof: Suppose P4 holds. Suppose m < S(n). Then by (6.6), 
either S(n) = S(m), and hence by P4 m = n, or for some y such 
that m < y, S(n) = S(y). In the latter case, by P4, n = y, and 
hence m < n. 
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Then we obtain asymmetry as follows: 

(6.15) If P3 and P4 hold then < is asymmetric. 

Proof: Suppose P3 and P4 hold. We prove by set-theoretic 
induction that for each n, (Vm)[m < n 3 -(n < m)]. For the 
basis, we observe that by (6.9), -(m < 0). For the induction step, 
suppose that (Vm)[m < n 3 -(n < m)], and let us show that (Vm)[m 
< S(n) 3 -(S(n) < m)]. Suppose m < S(n). By (6.14), either (a) 
m < n, or (b) m = n. Suppose (a). If S(n) < m, then as n < 
S(n), it follows that n < m. But by the induction hypothesis, -(n 
< m). So (a) does not hold. Suppose (b). Then m = n, and as 
S(n) < m, S(n) < n. But n < S(n), so by transitivity, n < n. By 
the induction hypothesis, n < n 3 -(n < n), so -(n < n). So (b) 
too is impossible. Therefore, -(S(n) < m). So by mathematical 
induction it follows that for every n, (Vm)[m < n 3 -(n < m)]. 

Note that we have now proven that if P3 and P4 hold then < 
is a strict simple ordering. This gives us half of (6.3). To prove 
the converse we must first prove the following two theorems: 

(6.16) If PI, P2, and P5 hold and < is a strict simple ordering 
then P3 and P4 hold. 

Proof: Suppose PI, P2, and P5 hold and < is a strict simple 
ordering. If P3 failed, then for some n, 0 = S(n). But by (6.11), 
0 < S(n), and then it would follow that 0 < 0. This is impossible 
if < is a strict simple ordering. Similarly, suppose P4 failed. Then 
for some n,m, n # m but S(n) = S(m). As n # m, by connected- 
ness, either n < m or m < n. Suppose n < m. Then by (6.12), 
S(n) m. m < S(m), so S(n) < S(m). But S(n) = S(m), so S(n) 
< S(n), which is impossible if < is a strict simple ordering. Thus 
P4 cannot fail. 

Having explained the import of Peano's axioms, it remains to 
show that they completely characterize the structure of the natural 
numbers. This can be made precise as the claim that any two 
relational structures that satisfy Peano's axioms are isomorphic. 
Once we have proven this it will follow that no relational structure 
satisfying the axioms can have any more structure than any other, 
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and hence any formal properties of the natural numbers follow 
from Peano's axioms. But before we can prove this, we must 
prove some important theorems about natural numbers. 

62  Inductive Definitions 
What will now be shown is that mathematical induction can 

be used to justify another kind of definition-one equivalent to 
recursive definitions. This is best illustrated by considering a 
simple recursive definition. Suppose we start with a set An and 
then form its closure under a binary relation R. This could be 
expressed by the following recursive definition: 

(i) if xeAo then xeA; 
(ii) if xeA and xRy then yeA; 
(iii) nothing is in A unless it can be obtained from (i) and 

(ii). 

One way of capturing the intuitive idea behind such a definition is 
the following. We start with the set An and then we add every- 
thing standing in the relation R to its members. This gives us a 
set Al: 

We repeat the process, adding to Al everything standing in the 
relation R to its members: 

We repeat this process indefinitely, defining in general: 

Finally, A = A, u A2 u ... u A, u ... . More precisely, 

Intuitively, this should have the result that A = Ci^(Ao), and we 
will prove below that it does. But first let us focus on the 
definition of the sets A? What we are doing here is, in effect, 
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defining a function f on the natural numbers with the result that 
f(i) = Ap The function f is defined by stipulating: 

(i) f(0) = An, 
(ii) f(S(i)) = f(i) u R*f(i). 

This is an example of an inductive definition of a function. More 
generally, we can define a function f inductively by choosing any 
object an and function g and stipulating: 

Intuitively, these two stipulations should determine a function. (i) 
tells us the value off  for 0, and then by repeated application of 
(ii) we get the value off for any other number. For instance, f(3) 
= &@(ao))). The following theorem justifies inductive defini- 
tions: 

(6.17) For any object an and function g there is a unique 
function f such that: 
(i) D(/) = o; and 
(ii) f(0) = ao; and 
(iii) for each i in u, f(S(i)) = g(f(i)). 

In order to prove this theorem we first prove: 

(6.18) For any object an, function g, and natural number n, there 
is a unique function fa such that: 
(i) Dun) = {il iw & i < n}; and 
(ii) fn(0) = ao; and 
(iii) for each i < n, fn(S(i)) = g(f.,(i)). 

Proof: We first prove by mathematical induction that for each n 
there is at least one such function. For the basis step, we prove 
that there is such a function for 0: fn = {(O,ao)}. For the 
inductive step, suppose there is such a function fn for n. Then let 
fs(n = fn u {(S(n),g(fn(n)))}. So there is such a function for 
~ ( Ã § )  It follows that there is such a function for each natural 
number. 
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Next we prove that there is at most one such function for 
each natural number. Suppose there were two functions, fn and 
f*, satisfying (i)-(iii). We prove by mathematical induction that 
(~i)(if let) & i < n then fn(i) = /*(i)). For the basis step, it 
follows from (i) that fn(0) = T(0) = am so this holds for 0. For 
the induction step, suppose that fn(i) = f*(i), and let us show that 
this holds for S(i) as well. As fn(i) = f*(i), by (iii), fn(S(i)) = 
8(W) = g ( f W  = fW). Thus fn and f* have the same 
values everywhere and hence are the same function. 

We can now prove (6.17) as follows: 

Proof: Let f = [){fnI wed)}. To see that this is a function, note 
that the different fn's have the same values insofar as their 
domains overlap. That is, if n < m and i < n then fm(i) = fn(i). 
This is because f,,, f {j\ j < n} will be a function satisfying (i)-(iii) 
of (6.18), and we know that there is only one such function. As 
f is a function, it has the same values as the fn7s, so it satisfies 
(i) - (iii). 

A function f defined by (6.17) is said to be defined inductive&. 
We can also give inductive definitions of sets by choosing an initial 
set An and a function g and stipulating: 

For each n, Asw = g(An). 
A = ~ { A J  net)}. 

The effect of this definition is to define a function f such that for 
each n, f(n) = A ,  and then taking A = I/?(/). f is defined 
inductively by stipulating: 

It was remarked above that definitions by set-theoretic closure 
can be replaced by inductive definitions. We can now prove this: 

(6.19) V A  = U{A, 1 nat}, where for each it Aw = An u R*(An), 
then A = Cm(Ao). 
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Proof: First we prove by mathematical induction that for each n, 
An c CtR}(Ao). We know that A. c CtFi(Ao). Suppose that An 
e CtR}(Ao). Suppose xeAy^). Then either x d n  (in which case 
XEC{~}(A~)), or for some y in An, yRx. By hypothesis, 
yâ‚¬CtRi(A and CtR}(Ao) is closed under R, so in the latter case 
it is also true that X E C { ~ ~ ( A ~ ) .  Therefore As nl c CtRl(Ao). It 
follows by mathematical induction that for C!{~}(A~), i.e., A c 
c{~}(AO)- 

Conversely, we prove by set-theoretic induction that Ci^(Ao) 
e A. First we note that if x d 0  then x d .  Now suppose x d  and 
xRy. We must show that y d .  As x d ,  for some n, x*. But 
then y%n), so y d .  Therefore, for every x in CiR}(Ao), x d .  
Thus C,^Ao) Â A. 

6 3  The CategonCity of Peano's Axioms 
It can now be shown in precisely what sense Peano's axioms 

completely characterize the structure of the natural numbers. A 
set of axioms is categorical if any two relational structures satisfying 
the axioms are isomorphic. A categorical set of axioms completely 
characterizes the structure of the relational structures satisfying 
them. We will prove that Peano's axioms are categorical. We do 
this by supposing that we have a relational structure (A,F) 
satisfying Peano's axioms, and then show that it follows from this 
that (A,F) is isomorphic to (o,S). 

(6.20) If F is a function and D(F) = A and 
(1) a d ;  
(11) x d  3 F(x)eA; 
(111) x d  3 F(x) # a; 
(IV) if x , y d  & F(x) = Ffy) then x = y; 
(V) for any X, if a& and (Wy)(ydnX 3 F(y)eZ), then 

A ^ X :  
then (A,F) is isomorphic to (u,S). 

Proof: The intuitive idea behind the proof of this theorem is as 
follows. Just as in theorem (6.2), it follows from axioms I, 11, and 
V that A = Ctn({a}). Thus for each x in A, either x = a or for 
some y in A, x = Ffy). Consequently, A can be diagrammed as 
follows: 
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By I11 and IV, this sequence never curves back on itself, so we can 
put A into a 1-1 correspondence with u as follows: 

This isomorphism f can be defined by induction. It maps 0 onto 
a, then maps the next number onto the next member of A, and so 
on. In general, iff maps a number n to a member x of A (i.e., 
f(n) = x) ,  then it should map the next number onto the next 
member of A, i.e., f(S(n)) = F(x) = F(f(n)). These two condi- 
tions: 

constitute an inductive definition off. 
To give a rigorous proof that f is an isomorphism, we must 

show that (1) f maps u 1-1 onto A; and (2) n = S(m) iff f(n) = 

F(f(m)): 
(1) To establish that f maps u 1-1 onto A, we begin by 

proving that f maps u onto A, i.e., A c f*u. This is done by using 
(V) (mathematical induction for A and F). The basis step consists 
of observing that a = f(O), and hence ae ru .  For the induction 
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step, suppose yeA@u. So for some n in u, y = fin). Then F(y) 
= f(S(n)), so F(y)ef%. Thus by (V), A (. f*u. 

Next we show that f is 1-1. We prove by mathematical 
induction on n that for every natural number n, (Wm)[m < n 3 

f(m) # f(n)]. This is vacuously true for 0. Suppose it holds for 
some number n, and let us show that it holds for S(n) as well. If 
it did not hold for S(n) then there would be some m < S(n) such 
that f(m) = f(S(n)) = F(f(n)). Either m = 0 or for some k, m 
= S(k). If m = 0 then f(m) = a, and hence it would follow that 
F(f(n)) = a. This is impossible, by (111), so m # 0. Thus for 
some k, m = S(k). Suppose, contrary to the theorem, that f(m) 
= f(S(n)). f(m) = f(S(k)) = F(f(k)), so F(f(k)) = F(f(n)). Then 
by (IV), f(k) = f(n). k < S(k) = m, so by the induction hypothe- 
sis, f(k) # f(n), which is a contradiction. Thus contrary to 
supposition, f(m) # f(S(n)). Therefore, (Wm)[m < S(n) 3 f(m) # 
f(S(n))]. Hence it follows by mathematical induction that for all 
natural numbers n and m, if m < n then f(m) # f(n). But now if 
there were two natural numbers m and n such that f(m) = f(n), 
one of them would be less than the other, and this would con- 
tradict what we have just proven. Thus f is 1-1. 

(2) We want to prove that n = S(m) iff fin) = F(f(m)). 
Suppose n = S(m). Then fin) = f(S(m)) = F(f(m)). Conversely, 
suppose f in)  = F(f(m)). F(f(m)) = f(S(m)), so f(n) = f(S(m)). 
But f is 1-1, so n = S(m). 

6 4  Set-Theoretic Surrogates 
As I remarked at the beginning of this section, it is often 

alleged that set theory provides definitions for number theoretic 
concepts and in particular that the natural numbers are sets. That 
is nonsense, but what set theory does do is construct surrogates for 
the natural numbers that "work like the natural numbers". We 
are now in a position to understand what the latter means. By the 
categoricity of Peano's axioms, any two relational structures 
satisfying those axioms are isomorphic. The natural numbers 
satisfy those axioms, so if we can also construct sets that satisfy 
them, then it follows that those sets "work like the natural 
numbers". So let us see how set-theoretic surrogates for the 
natural numbers can be constructed. The standard procedure is 
to define these surrogates as follows: 
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This construction has the consequence that for each n, n = { X I  x  
< n}. Consequently, S(n) = {xi x  < S(n)} = {xi x  < n} = { x i  
x  < n} u {n} = nu{n}. We take this to constitute our formal 
definition: 

Once again, we define u = C{s}({O}) and < = 5Â¡ We want to 
show that when w is defined in this way, ( w , S )  satisfies Peano's 
axioms. The theorems we have proven up to this point were 
proven without making any assumptions about 0 and S, so those 
theorems apply to this choice of 0 and S as much as to any other. 
In light of this, we know that PI, P2, and P5 hold, and we know 
that P3 and P4 hold provided < is a strict simple ordering. We 
also know that < is transitive and connected. All that remains is 
to show that it is asymmetric. In order to establish asymmetry, we 
must explore the properties of the successor relation defined 
above. 

S was chosen so that each number is the set of all smaller 
numbers, i.e., m = {n\ n < m}. This is expressed by the 
following theorem: 

(6.21) If n ,ma~ ,  n < m iff n m .  

Proof: First we prove that n < m 3 nem. By (6.5), n < m iff 
meC{.Sl({S(n)}). So let us prove by set-theoretic induction that 
if m~C{~}({s(n)}) then nem. For the basis, suppose m = S(n). 
Then m = nu{n}, so nem. For the induction step, suppose new 
and show that neS(m). S(m) = mu{m}, so m G S(m), and hence 
as nem, neS(m). Thus in general, n < m 3 nem. 
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Conversely, we prove by mathematical induction that for each 
m, (Vn)(nem 3 n < m). For the basis, we note that n a y  so nf0. 
For the induction step, suppose that (Vn)(nem 3 n < m), and let 
us show that this holds for S(m) as well. Suppose neS(m), i.e., 
nemu{m}. Then n = m or new. By the induction hypothesis 
then, n < m. But m < S(m) and < is transitive, so n < S(m). 

Next we prove that < is irreflexive: 

(6.22) no.) 3 nen. 

Proof by induction. Keep in mind that 'e' and '<' amount to the 
same thing for the natural numbers. The basis follows from the 
fact that W. Suppose ntn and show that S(n)eS(n). Suppose 
instead that S(n)eS(n). Then nu{n}enu{n}. So either (a) nu{n}en 
or (b) nu{n}e{n}. Suppose (a). ncnu{n}, and < is transitive, so 
by (6.21), nen, which contradicts the induction hypothesis. So (a) 
is impossible. Suppose (b). Then nu{n} = n. But again, 
nenu{n}, so it follows that nen, and this contradicts the induction 
hypothesis. So neither (a) nor (b) is possible, and hence 
S(n)tS(n). 

(6.23) If neu then n c S(n). 

Proof: n G nu{n}. If n = nu{n} then nen, which contradicts 
(6.22). 

We can now see that < has an alternative characterization in terms 
of the proper subset relation: 

(6.24) If nymeu then n < m iff n c m. 

Proof: exercise 

The proper subset relation is asymmetric, so: 

(6.25) < is asymmetric. 

It follows that < is a strict simple ordering, and hence P3 and P4 
hold. These were the only remaining axioms to be established, so: 
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(6.26) (u,S) satisfies Peano's axioms. 

In light of the categoricity of Peano's axioms, it follows that (u,S) 
has precisely the same structure as the "real" natural numbers and 
successor function. Thus for mathematical purposes we need not 
distinguish between them. 

6 5  Arithmetic 
The theory of the natural numbers is concerned as much with 

the arithmetic operations of addition, multiplication, and exponent- 
iation as it is with the structure of (n>,S) itself. However, it is the 
structure of (u,S) that makes it possible to define these operations. 
They are defined by the following inductive definitions: 

These are not quite inductive definitions in the sense of subsection 
(b) because these are two-place functions and inductive definitions 
were only defined for one-place functions, but this is easily 
rectified. For each n we can define a one-place function +n 
inductively: 

This is an inductive definition in the sense of (6.17). Then we 
define the familiar two-place function of addition by stipulating: 

We can treat multiplication and exponentiation analogously. 
For each relational structure satisfying Peano's axioms, there 

are unique functions satisfying the inductive definitions of addition, 
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multiplication, and exponentiation. The question arises whether 
these functions can differ in interesting ways from relational 
structure to relational structure. That they cannot is determined 
by the following theorem (whose proof is omitted): 

(6.27) If Rl, ..., Rn and Ti, ..., T are functions (n possibly being 
zero) and (@,TI ,..., Tn) sy (A,F,Rl ,..., Rn), and a = f(0) 
and G and H are functions defined by induction by 
stipulating: 

G(0) = k 
G(S(x)) = Ti(G(X)) 

and 
H(a) = fik) 
H W )  = Ri(H(x)) 

then (u,S,Tl ,..., Tn,G) zf (A,F,Rl ,..., Rn,H). 

If (A,F) satisfies Peano's axioms then it is isomorphic to (u,S). 
Let f be the isomorphism mapping u onto A. Then by (6.27), if 
we define inductively: 

it follows that for each n, (@,+A =y (A,F,Hf ) If we then let 
H(x,y) = Hx(y), it follows that (u,S,+) zf (A,&&. By repeating 
the process we can define a multiplication function M for (A,F) 
and an exponentiation function E with the result that (<i),S,+,e,exp) 

(A,F,H,M,E). So it follows that Peano's axioms together with 
t '{, e inductive definitions for addition, multiplication, and exponent- 
iation completely characterize the arithmetic of the natural 
numbers. To have a convenient label, I will say that Peano's 
axioms together with the inductive definitions comprise the axioms 
of "Peano arithmetic". It is impossible to have one relational 
structure satisfying these axioms that has structure not possessed 
by another. Thus the axioms for Peano arithmetic are "complete" 
in the very strong sense that given any additional axiom describing 
further potential structural features, either (1) the additional axiom 
already follows from the axioms for Peano arithmetic, in the sense 
that every relational structure satisfying the axioms for Peano 
arithmetic already satisfies the additional axiom, or (2) the 
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additional axiom is inconsistent with the axioms for Peano 
arithmetic, in the sense that no relational structure can satisfy them 
all. 

Practice exercise: Prove by mathematical induction that if noi) 
then O+n = n. In proving this, assume the two clauses of the 
inductive definition of addition. 



CHAPTER TWO 
LOGIC 

1. The Predicate Calculus 

No doubt the most important technical tool in contemporary 
logic is the predicate calculus. We used it even to discuss set 
theory. Conversely, set theory will now be used as a tool for 
studying the predicate calculus. 

1.1 Syntax 
Formulas of the predicate calculus are constructed out of 

individual constants, individual variables, relation symbols, and the 
logical constants '&', V, '-', '9, 'a', 'V', '3', '(', ')', and '='. We 
assume that there are infinitely many individual constants and 
individual variables. It is common to take just '&', '-', '3', and '=' 
as primitive logical constants and then the others can be defined 
in terms of them: 

If '=' is included as a logical constant then we are studying the 
predicate calculus with identity; otherwise we are studying the 
predicate calculus simpliciter. First courses in logic usually omit 
' but for most of the purposes for which the predicate calculus 
is actually used, it is important to have '='. For instance, we 
formulated set theory within the predicate calculus, and it was 
essential that we had '=' for that purpose. 

A relation symbol R has a fixed number of argument places 
and is used to symbolize relations with that number of places. For 
instance, a two-place relation symbol is used to symbolize binary 
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relations. A 0-place relation symbol is a sentence letter, and a 1- 
place relation symbol is a predicate letter. 

The individual constants and individual variables are taken 
jointly to comprise the individual symbols. 

An expression is any finite string of symbols. Expressions built 
out of the primitive symbols of the predicate calculus comprise the 
object language. The language we use to talk about the object 
language, in this case English, is the metalanguage. Within the 
metalanguage we can form a name of an expression of the object 
language by enclosing that expression in single quotes. Thus 

is a name, in the metalanguage, of the object language expression 

In describing how formulas are built, we find ourselves wanting to 
write things like the following: 

(1.1) If P and Q are formulas, so is ' (P  & Q)'. 

But this does not mean what we want it to mean. The difficulty 
is that you cannot quantify into quotation marks, because enclosing 
an expression containing variables within quotation marks gives us 
a name of that expression, variables and all. Thus, if A and B are 
expressions, the following is not an instance of (1.1): 

(1.2) If A and B are formulas, so is ' ( A  & B)'. 

Instead, the corresponding instance of (1.1) is: 

If A and B are formulas, so is ' ( P  & Q)'. 

This is not what we want. We must replace (1.1) by something 
that does have (1.2) as an instance, and for this purpose we want 
a different kind of quotation mark-one into which we can 
quantify. For this purpose we use what are called quasi-quotes or 
comer quotes and write: 
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(1.3) If P and Q are formulas, so is r(P & Q)l. 

The best way to understand comer quotes is as follows. First, 
(1.3) is a quantificational sentence of the metalanguage, and P and 
Q are variables of the metalanguage-metalinguistic variables. 
Metalinguistic variables are taken to range over expressions of the 
object language. We then adopt the convention that enclosing 
within corner quotes a string of symbols some of which are object 
language symbols and some of which are metalinguistic variables 
gives us the name of a function, namely, that function which, to 
each assignment of object language expressions to the metalinguis- 
tic variables, assigns the object language expression that results 
from replacing the metalinguistic variables by those object language 
expressions. For example, where 'P' and 'Q' are metalinguistic 
variables, r(P & Q)1 is that function which, to each pair of object 
language expressions, assigns their conjunction. In the limiting case 
in which the string of symbols enclosed by comer quotes contains 
no metalinguistic variables, we take the corner quotes to work like 
ordinary single quotes. 

The preceding may seem complicated, but the upshot of it is 
simple. Corner quotes are just quotation marks into which you 
can quantify, thus legitimizing sentences like (1.3). 

The set of formulas of the predicate calculus is defined 
recursively. We begin by defining the set of atomic formulas as 
follows: 

D e w  is an atomic formula iff either: 
(a) P is a sentence letter; or 
(b) there are individual symbols x and y such that P is 

rx = yl ; or 
(c) there is a relation symbol R with some number of 

argument places n and there are individual symbols 
xi ,... , x  such that P is rRq..xnl. 

The recursive definition of the set of formulas is then: 

Def: (a) An atomic formula is a formula; 
(b) if P is a formula so is r-PI; 
(c) if P and Q are formulas so is r(P & Q)l; 
(d) if x is an individual variable and P is a formula then 

r(3x)Pl is a formula. 
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This could of course be replaced by an explicit definition in terms 
of set-theoretic closure. We allow ourselves to replace '(' and ')' 
by '[' and '1' in the interest of readability. 

When a formula is constructed in accordance with clause (d) 
of the preceding definition, P is said to be the scope of the 
quantifier r (3) l .  If r(3)Pl is then embedded in a longer 
formula, e.g., in r(R 3 (3x)P, the scope of the quantifier remains 
the same. Thus, for example, in 

the scope of the first occurrence of '(3)' is '[Hx & -(3y)(3x)RxyY, 
the scope of '(3y)' is '(3)Rxy', and the scope of the second 
occurrence of ' (3) '  is 'Rxy'. 

An occurrence of a variable is bound by the innermost 
quantifier containing that same variable within whose scope the 
occurrence lies. Thus in (1.4)' the occurrence of x in 'Hx' is 
bound by the first '(It)' and the occurrence of x in 'Rxy' is bound 
by the second '(3)'. Occurrences of variables within quantifiers 
are bound by those quantifiers. If an occurrence of a variable is 
not bound by any quantifier, it is free. 

If a formula contains no free occurrences of variables, it is a 
closed formula. Otherwise it is an open formula. If an open 
formula contains free occurrences of n different variables, it is an 
n-formula. For instance, 'Rxy' is a two-formula, whereas 
'(Vx)(Vy)Rxy' is a closed formula. If a quantifier does not bind any 
occurrences of variables, it is a vacuous quantifier. For instance, 
the first '(Vx)' is a vacuous quantifier in '(Vx)(Vy)(@ 3 (Vx)Gx)'. 
It would be more natural to construct the definition of 'formula' 
in such a way that vacuous quantifiers are prohibited, but that 
would require us to make all of our definitions more complicated 
and it would in the end be more trouble than it is worth. 

We frequently want to talk about the result of substituting 
individual symbols for one another in a formula. For example, we 
want to say that for any P, l"(Vx)P implies any formula that 
results from substituting an individual constant for all free 
occurrences of x in P. Where xl, ...,xn and yP...,y., are lists of 
individual symbols, and no two of the xi's are the same, we let 



THE PREDICATE CALCULUS 

be the result of simultaneously substituting each yi for all occur- 
rences of xi in P if xi is an individual constant and for all free 
occurrences of xi in P if xi is an individual variable. Thus, for 
example, 

No occurrences of 'x17 get changed in this example because they 
are all bound. 

It is convenient to have a more compact way of writing simple 
substitutions. I will let Sb(y/x)P be 

More generally, we will write Sb(y^ ,..., yn/xl ,... , x ) P .  

1.2 Fomud Semantics 
We have constructed an artificial symbolism-the "language" 

of the predicate calculus-by describing its syntax. Next we must 
describe how this symbolism is to be interpreted. That is ac- 
complished by defining the notion of a model and truth in a model. 
We specify a model by specifying a domain and specifying the 
extensions of relation symbols in that domain and the denotations 
of individual constants. The domain is supposed to consist of all 
the things we are talking about. The quantifiers are taken to 
range over the elements of the domain. Formally, we can regard 
a model as being an ordered pair (D,(i) where D is any non-empty 
set of objects and (i is a function that assigns to each relation 
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symbol an extension in D and assigns to each individual constant 
a denotation in D. Precisely: 

Def: (D,& is a model iff D is a non-empty set and 

(a) for each sentence letter P, p(P) is either 0 or 1 
(representing truth values); 

(b) for each n-ary relation symbol R, p(R) is a set of 
ordered n-tuples of members of D (the extension of 
R); 

(c) for each individual constant c, p(c) is a member of 
D (the denotation of c). 

A function satisfying (a)-(c) is an assignment with respect to D. 
Thus a model consists of a domain and an assignment with respect 
to that domain. 

Next we want to give a recursive definition of the notion of 
truth in a model. This is a bit complicated because only closed 
formulas have truth values. Open formulas can be regarded as 
symbolizing relations rather than propositions. Only closed 
formulas symbolize propositions, so only closed formulas should be 
assigned truth values in a model. We begin by defining truth for 
atomic formulas. In the case of sentence letters, a model gives the 
truth value directly: 

Def: If P is a sentence letter, P is true in (D,p) iff p(P) = 1. 

The definition is equally obvious for identity formulas: 

Def: If a and b are individual constants, Fa = bl is true in 
(D,p) iff p(a) = p(b), i.e., iff a and b denote the same 
object in (D,p). 

If R is an n-ary relation symbol and el, ..., cn are individual 
constants, fRc ,... cnl should be true just in case the n-tuples 
consisting of the denotations of el, ..., cn is in the extension of R, 
i.e., 

Def:̂ ,..., cnl is true in (D,p) iff (p(ci) ,.., p(cn))ep(R). 

We then define truth for non-atomic formulas recursively: 
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Defi Recursive definition of truth in (D,ft): 
(a) r-Pl is true in (D,p) iff P is false in (D,ft); 
(b) r(P & Q)l is true in (D,ft) iff P and Q are both 

true in (D,ft); 
(c) r(3x)Pl is true in (D,p) iff there is some individual 

constant a not occurring in P and there is an 
assignment u that is just like ft except possibly for 
what it assigns to a, and Sb(a/x)P is true in (D,u). 

Clause (c) is explained as follows. Suppose first that everything in 
D has a name. Then r(3x)Pl is true just in case there is in- 
dividual constant a such that Sb(a/x)P is true. On the other hand, 
if not everything in D has a name, then r(3x)Pl should be true 
just in case there is some object a in D that can be assigned to 
some constant a, thereby giving a a name and producing a true 
substitution instance of P. Because a already denotes something 
else in ft, this involves modifying ft to construct a. 

To illustrate this definition, consider a simple model in which 
D = {1,2} and p(R) = {(1,2),(2,1)}. Suppose we want to 
compute the truth value of f ( 3 x ) W  in (D,ft). We choose a 
constant that does not occur in r(3x)Rxx^, for instance, 'a', and 
look at rRaa1. r ( 3 x ) M  is true in (D,ft) iff FRaal is true in 
some (D,u) that is just like (D,p) except possibly for what it 
assigns to 'a'. The only possible assignments to 'a' are the 
numbers 1 and 2. Neither (1,l) nor (2,2) is in ft(R), so it is 
impossible to make rRaa1 true by modifying the assignment to 'a'. 
Accordingly, f(3x)Rxx^ is false in (D,p). 

Practice exercises: Compute the truth values of the following 
closed formulas in the preceding model: 
1. ('jx)(3y)Rxy 
2. (3y)('jx)Rxy 
3. ('jx)[(3~)Rxy 3 (3y)Ryxl 

Open formulas symbolize relations rather than propositions, 
so they do not have truth values in models. Instead, they have 
extensions. The extension of an n-formula in a model consists of 
the set of all n-tuples satisfying the n-formula in the model. 
Satisfaction can be defined in terms of truth as follows: 
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Def: 

Def: 

To 

If P is an n-formula whose free variables are xi, ...& 
(listed in some fixed order), and al, ..., a,, are individual 
constants not occurring in P, and al, ..., an are members of 
D, and a is an assignment just like y. except that for each 
i it assigns a, to a,, then (al, ..., an) satisfies P in (D,y.) iff 
Sb(al ,..., aJx1 ,... &)P is true in (D,a). 

If P is an n-formula, the extension of P in (D,fi} is the set 
of all n-tuples satisfying P in (D,[i). 

illustrate, suppose again that D = {1,2} and y.(R) = 
{(1,2),(2,1)}, and consider the formula r(3x)Rxyt. An object a 
satisfies this formula iff assigning ft to the constant 'a' makes 
r(3x)Rxal true. Either 1 or 2 can be assigned to 'a', and in either 
case r(3x)Rxd is true. Accordingly, the extension of r(3x)Rxyl in 
(D,n} is {1,2}. 

If a closed formula P is true in (D,/i) we say that (D,y.) is a 
model of P. More generally, if every member of a set r of closed 
formulas is true in (D,y.), we say that (D,y.) is a model of r. A 
closed formula is satisfiable iff it has a model. Similarly, a set of 
closed formulas is satisfiable iff it has a model. A closed formula 
is valid iff it is true in every model. Obviously, 

(1.5) A closed formula is valid iff its negation is unsatisfiable. 

Proof: exercise 

Practice exercise: Show that r(3x')(Fx 3 (Vy)Fy)l is valid. 

We say that a closed formula P implies a closed formula Q iff 
every model of P is a model of Q. Similarly, a set r of closed 
formulas implies Q iff every model of r is a model of Q. 

(1.6) P implies Q iff F(P 3 Q)l is valid. 

Two closed formulas are equivalent iff each implies the other, i.e., 
iff they have the same models. 

We symbolize validity and implication using the turnstile: 

Def:P (= Q iff P implies Q. 
I= P iff P is valid. 
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The rationale for the dual use of the turnstile is provided by the 
following theorem: 

Proof: exercise 

Implication and equivalence have been defined only for closed 
formulas. Implication only makes sense for closed formulas 
because it has to do with truth values, but a notion of equivalence 
can also be defined for open formulas. Two n-formulas are 
equivalent just in case they contain free occurrences of the same 
variables and have the same extensions in every model: 

Defi If P and Q are n-formulas, P and Q are equivalent iff they 
contain free occurrences of the same variables, and for 
every model (D,p), the extension of P in (D,p) is the 
same as the extension of Q in (D,p). 

Bearing in mind the way in which satisfaction is defined, this is 
equivalent to requiring: 

(1.8) If P and Q are n-formulas (n 7 0) and they contain free 
occurrences of the same variables x1 ,... ,xn, and a l  ,..., an  
are individual constants not occurring in P and Q, then P 
and Q are equivalent iff Sb(al,...,an/xl,...r~n)P is equivalent 
to Sb(ap ..., a l x 1  ,... ,xn)Q. 

The main significance of equivalence for open formulas is that the 
Principle of Replacement holds: 

(1.9) If P and Q are equivalent formulas, and P occurs within 
a larger formula R and S results from replacing an 
occurrence of P by Q in R, then R is equivalent to S. 

For instance, because r(Fx & Gy)l is equivalent to r(Gy & F x ) ~ ,  
it follows that ^(3x)(ly)(Fx & Gy)l is equivalent to r(Ix)(3y)(Gy 
& F x ) ~ .  

We use the following lemmas to prove the principle of replace- 
ment: 
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(1.10) If P is equivalent to Q then -P is equivalent to -Q. 

(1.11) If P is equivalent to Q then r(P & R)l is equivalent to 
r(Q & R)l and r(R & Q)l is equivalent to r(R & P)l. 

(1.12) If P is equivalent to Q then r(3x)Pl is equivalent to 
r(3x) Ql . 

The proof of these lemmas is left as an exercise for the student. 
The proof of the principle of replacement is then by mathematical 
induction on the length of a formula. This means that we prove 
by mathematical induction that for every natural number n, the 
theorem holds for all formulas of length less than or equal to n, 
and conclude from that that it holds for all formulas. The basis 
step is vacuous as there are no formulas of length less than or 
equal to zero. Suppose then that the principle of replacement 
holds for all formulas of length less than or equal to n, and let us 
show that it holds for all formulas of length less than or equal to 
n+1. For this, we need only consider formulas of length exactly 
n+1. We have four possibilities to consider: 

(a) Suppose R is atomic. Atomic formulas cannot contain 
other formulas as parts, so P and R must be the same thing, and 
hence Q and S must be the same thing. Then as P is equivalent 
to Q, R is equivalent to S. 

(b) Suppose R is a negation, i.e., for some T, R = r-71. 
Then P is a part of T. Then there is a U such that S = r-(/1 
and U results from replacing P in T by 5. By the induction 
hypothesis, T is equivalent to U, so by (1.10), R is equivalent to 
s. 

(c) Suppose R is a conjunction r(T & [7)1. Then either P 
occurs in T or it occurs in U. Suppose the former, the latter case 
being analogous. Then there is a V such that S is f(V & U)l and 
V results from replacing the occurrence of P in T by Q. By the 
induction hypothesis, T is equivalent to V,  so by (1.11), R is 
equivalent to S. 

(d) Suppose R is r(3x)n. This is analogous to the other 
cases, using theorem (1.12). 

A formula is in prenex normal form iff it has the form 
(Q1xl) ...(Q _x_)P where each Qi is either a universal or an 
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existential quantifier and P contains no quantifiers. A useful fact 
about the predicate calculus will be that every closed formula is 
equivalent to a formula in prenex normal form. This follows from 
the fact that the following equivalences hold: 

(1.13) If y is a variable that does not occur in either P or Q 
then: 
(1 )  ((Wx)P & Q )  is equivalent to (Wy)(Sb(y/x)P & Q); 
(2) ( ( 3 ) P  & Q )  is equivalent to (Iy)(SbCy/x)P & Q); 
(3)  ( P  & (Wx)Q) is equivalent to (Wy)(P & Sb(y/x)Q); 
(4) ( P  & (3x)Q) is equivalent to (3y)(P & Sb(y1x)Q); 
( 5 )  -(Wx)P is equivalent to ( 3 ) - P ;  
(6)  -(3x)P is equivalent to (Wx)-P. 

By repeated use of these equivalences we can systematically drive 
the quantifiers out to the beginning of any formula, thus converting 
it to prenex normal form. For instance, we can convert r-(3x)(Fx 
& (1x)Gx)I into prenex normal form as follows: 

-(3x)(Fx & (3x)Gx) 
(Wx)-(Fx & (3x)Gx) 
(Wx) - (3z) (Fx & Gz)  
(Wx)(Wz)-(Fx & Gz).  

To actually prove that every formula is equivalent to a formula in 
prenex normal form, we would use mathematical induction on the 
length of a formula. That is, we would prove by induction that for 
every n, if a formula consists of n or fewer primitive symbols then 
it is equivalent to a formula in prenex normal form. 

1.3 Derivations 
Derivations are formalized proofs, constructed according to 

explicit rules proceeding from a fixed list of rules of inference and 
a fixed list of axioms. In its simplest form we can think of a 
derivation as a finite string of ordered pairs (T,P) where I' is a set 
of closed formulas and P is a closed formula. Each such pair is 
a "line" of the derivation, and its inclusion in a derivation is to be 
interpreted as asserting that I' implies P. In light of this intended 
interpretation, it is more perspicuous to write the lines in the form 
'I' 1 P' rather than '(I',P)'. Rules of inference are rules telling us 



LOGIC 

when it is permissible to start a derivation with a given line or to 
add a given line to a derivation already constructed. Bearing in 
mind that a derivation is a finite sequence of ordered pairs, the 
general form of a rule of inference is: 

If a is a derivation and (T,P) stands in the relation R to 
a then the finite sequence resulting from adding (I',P) to 
the end of a is also a derivation. 

For instance, a simple rule of inference for conjunction has the 
following form: 

(KI) If a is a derivation and (I',P) and (A,Q) occur in a then 
the result of adding (FuA,(P&Q)) to the end of a is also 
a derivation. 

This is just the rule that corresponds to the following semantical 
principle: 

If I' 1 P and A [ Q then FuA \ (P&Q). 

Thus what (KI) amounts to is a rule telling us that if we have 
already proven that I' [ P and A \ Q then we can infer that FuA 
h (P&Q)- 

Most rules are like (KI) in that they tell us that if a derivation 
already contains certain lines then we can add appropriately 
related lines. But we must also have rules of inference that allow 
us to get started by introducing the first line of a derivation. One 
such rule is the rule of premise introduction: 

(P) If a is either 0 (i.e., the empty sequence) or a derivation 
and PeT then the result of adding (T,P) to the end of a 
is a derivation. 

This rule amounts to the observation that a set of formulas implies 
each of its members. Introducing a premise into a derivation 
amounts to using this rule. 

Another kind of rule that allows us to get started on the first 
line of a derivation is a rule allowing us to write down an axiom. 
Axioms correspond to rules of the form: 
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If a is either 0 or a derivation then the result of adding (0,P) 
to the end of a is a derivation. 

Using this rule amounts to asserting P as following from the empty 
set, i.e., as being valid. For instance, it will be convenient to have 
the following rule of identity introduction: 

(=I) If a is either 0 or a derivation and c is an individual 
constant then the result of adding (0, rc = cl ) to the end 
of a is a derivation. 

The following is an example of a derivation: 

This could be written more perspicuously as follows: 

This is the same derivation that might be written in a more 
conventional format something like the following: 

In this sort of format we keep track of the premises upon which 
a line depends by writing premise numbers to the left of each line 
number. The effect of this is the same as simply listing the 
premises on the left side of each line. Hence each line amounts 
to a claim that the premises listed on the left imply the formula 
on the right, which is just what our more explicit formulation tells 
us. 

Given a set of rules of inference, we can define a derivation 
(relative to that set of rules) to be any finite set of ordered pairs 
(T,P) that can be constructed using the rules of inference. We say 
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that P is derivable from r, and write 'r I- P', just in case there is 
a derivation containing (F,P) as a line. Note the difference 
between ' [' and ' We say that P is a theorem, and write ' I- P', 
just in case 0 I- P. A set of closed formulas is consistent iff no 
contradiction (i.e., formula of the form r(P & -P)l) is derivable 
from it. 

A rule like (KI) is generally written more perspicuously as 
follows: 

The following is a rather standard set of rules of inference for 
the predicate calculus. Notice that for each logical constant there 
is an "introduction rule7' and an "elimination rule": 

(provided Per) 

r I- (P  & Q )  r I- (P & Q) (simplification) 

r t p  ~ I - Q  

(N1) r t p  (double negation) 

(NE) rU{-P} [ (Q  & -Q)  (reductio ad absurdurn) 

t p  

(reflexivity of identity) 
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(=El T [ c = d  AtSb(c1d)P (substitutivity) 

r u A  \ P 

(El) r Sb(a/x)P (existential generalization) 

(EE) fi{P} [ Q (existential specification) 
(provided a does not 

Tu{(3x)Sb(x/a)Pl [ Q occur in Q or in 
any member of r). 

Let us call these the rules for PCderivations, and derivations 
constructed using these rules will be PC-derivations. More 
formally, a PC-derivation is a finite sequence of pairs (r,P) such 
that each member of the sequence can be added the preceding 
subsequence in accordance with some rule for PC-derivations. 
This is a very parsimonious set of rules. The paucity of rules 
makes PC-derivations difficult to construct. No one in his right 
mind would use PC-derivations as a tool for proving theorems, but 
it can be shown that anything derivable from more familiar sets of 
rules is derivable from these rules. For instance, suppose we want 
to show that modus ponens holds, i.e., that {P,(P 3 Q)} \ Q. In 
primitive notation this means that {P,-(-- P & -Q)} \ Q. This 
can be established by the following derivation: 

Henceforth I will simply assume without proof that we can derive 
any particular valid formulas we need with this set of rules of 
inference. In each case that can be established by actually 
constructing the appropriate derivation, and the skeptic is invited 
to do so. 
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Practice exercises: Construct PC-derivations for the following: 
1- ( P  3 Q) t (-Q 3 -P) 
2. (Vx)Fx [ Fa 

For PC-derivations we have: 

(1.14) A formula is a theorem iff its negation is inconsistent. 

Proof: Suppose P is a theorem. Then there is a derivation a 
whose last line is (0,P). By adding the following lines to the end 
of a we obtain a derivation of (-P,(P & -P)): 

Conversely, suppose -P is inconsistent. Then -P [ (Q & -Q), 
so by (NE), 0 1 P. 

For an adequate system of derivations, we should be able to 
prove all and only valid formulas. To this end we define: 

Def: A system of derivations is sound iff every theorem is valid, 
and it is complete iff every valid formula is a theorem. 

Somewhat stronger notions of soundness and completeness pertain 
to implication: 

Def: A system of derivations is strongly sound iff for every set 
r of closed formulas and every closed formula P, if r 1- P 
then r 1 P. It is strongly complete iff for every set r of 
closed formulas and every closed formula P, if r 1 P then 
r IP. 

(1.15) If a system of derivations is strongly sound then it is 
sound, and if it is strongly complete then it is complete. 

Proof: Suppose a system of derivations is strongly sound. 
Suppose P is a theorem. Then 0 [ P. It follows by strong 
soundness that 0 1 P, and hence by theorem (1.7), 1 P. The 
second half of the proof is analogous and is left as an exercise. 
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The following theorem provides a useful reformulation of strong 
soundness and strong completeness: 

(1.16) PC-derivations are strongly sound iff every satisfiable set 
of closed formulas is consistent, and PC-derivations are 
strongly complete iff every consistent set of closed 
formulas is satisfiable. 

Proof: Suppose PC-derivations are strongly sound. Suppose I' is 
inconsistent. Then for some Q, I' [ (Q & -Q). As PC-deriva- 
tions are strongly sound, I' 1 (Q & -Q). Thus every model of I' 
is a model of (Q & -Q). But (Q & -Q) has no models, so I' 
has no models, i.e., I' is unsatisfiable. 

The rest of the proof is analogous and is left as an exercise. 

It is quite easy to establish that PC-derivations are strongly 
sound. We begin by noting that for each rule of inference for PC- 
derivations, the corresponding principle regarding implication also 
holds. For instance, corresponding to (KE) we have: 

If I' [ ( P  & Q) then F 1 P and I' 1 Q. 

Let us say that a line (T,P) of a PC-derivation is sound just in 
case r 1 P. We then prove by mathematical induction that for any 
n, the first n+1 lines of a PC-derivation are sound. For the basis, 
suppose (I',P) is the first line. The only rules that can be 
employed for introducing the first line are (P) and (=I). If (I',P) 
is introduced by (P) then Per, in which case r [ P. If instead (I',P) 
is introduced by (=I) then I' = 0 and P is rc = c1. But then P 
is valid, so 0 1 P. So the first line of a derivation must be sound. 

For the induction step, suppose the first n + l  lines of a 
derivation are sound, and prove that the (n+Z)nd line is sound. 
This amounts to showing that the use of any rule of PC-derivations 
to add a line to a sequence of sound lines will result in the new 
line being sound. For instance, suppose we use (KE). Then (I',(P 
& Q)) occurs among the first n + l  lines. By hypothesis, this line 
is sound, so I' 1 ( P  & Q). But then I' 1 P. So (I',P) is also 
sound. Similar reasoning establishes for each rule that its use will 
result in the addition of a sound line. 
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It follows by mathematical induction that every line of a PC- 
derivation is sound, and hence: 

(1.17) Strong Soundness of PC-derivations: If I' [ P then I' [ P. 

As a corollary we have: 

(1.18) Soundness of PC-derivations: If (- P then (= P. 

PC-derivations can be derivations of formulas from infinite 
sets. That is, we can have lines (T,P) in derivations where I' is 
infinite. But such a derivation never makes use of more than 
finitely many members of I'. In any PC-derivation, all rules except 
rule (P) require the premise set F to be either the same as the 
premise set of some previous line or the union of the premise sets 
of two previous lines. Only rule (P) introduces "new" premise 
sets. Suppose we start with a derivation a and construct a new 
derivation a* from it in the following way. First, whenever we use 
rule (P) to introduce a line (I',P), we replace it with the simpler 
line ({P},P). Then we change the other lines accordingly so that 
their premise sets are chosen in accordance with the rules of 
inference used on those lines. The result is that for each line (F,P) 
in a the corresponding line in a* has the form (I'*,P) where I'* is 
a finite subset of I'. It follows that whenever there is a derivation 
of a line (I',P), there is also a derivation of a line (I'*,P) where 
I"* is some finite subset of I'. This has two consequences: 

(1.19) If I' [ P then there is some finite subset F* of I' such that 
r* 1 P. 

(1.20) If I' is inconsistent then some finite subset of I' is inconsis- 
tent. 

PC-derivations are also strongly complete, but this is much 
harder to prove. The first completeness proof was given by Kurt 
Godel in 1931, but most modern proofs follow a proof first 
constructed by Leon Henkin. The proof is constructed in accor- 
dance with theorem (1.16). That is, we prove that every consistent 
set of closed formulas has a model. The proof proceeds in the 
following manner. We start with a consistent set I' of closed 
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formulas. We then construct a list of all the closed formulas of 
the language. The list will be constructed in a certain way. We 
go through the formulas in the list in order, and for each formula 
we add it to the set consisting of I' and whatever we have already 
added to I' provided we can do so consistently. Let Q be the 
resulting set of sentences. It is then shown that Q "describes" a 
model in the sense that fl is the set of all closed formulas true in 
some particular model. Thus Q has a model, and as I' c Q, this is 
also a model of I'. This is the bare bones of the argument. The 
actual construction of the ordering and the proof that Q describes 
a model gets complicated. In order to make our proof work, we 
must make an assumption about how many formulas there are in 
the language. We have assumed that there are infinitely many, but 
there are different sizes of infinities. We will assume specifically 
that there are the same number of closed formulas as there are 
natural numbers. Such a set is said to be denumerable. Denumer- 
able sets are the smallest infinite sets. The assumption that the 
set of closed formulas is denumerable has the consequence that 
the set of closed formulas can be put into a one-one correspon- 
dence with the set of natural numbers. Such a correspondence is 
an enumeration of the formulas. For each number n, we can then 
talk about the nth formula in the enumeration. In fact, the 
assumption that there are denumerably many closed formulas is 
not essential to the completeness proof. Basically the same proof 
can be carried out without that assumption, but it requires the use 
of transfinite induction rather than ordinary mathematical induc- 
tion. That is something we have not discussed, so I will avoid it 
here. 

In order to prove completeness, we first define: 

Defi I' is maximal consistent iff I' is a consistent set of closed 
formulas and for every closed formula P, either PeT or 
r-Pl er. 

Maximal consistent sets have the following simple properties: 

(1.21) If I' is maximal consistent and r 1- P then Per. 

Proof: Suppose I' is maximal consistent and I' [ P. Then if 
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r-.F1eI', we would also have I' { -P, so I' would be inconsistent. 
Thus r-Pl (I', and hence by maximality, PeT. 

(1.22) If I' is maximal consistent and P is a closed formula then 
r-Pler iff Per. 

Proof: By maximality, either PeT or r-PleI', and by consistency 
they cannot both be in I'. 

(1.23) If I' is maximal consistent and P and Q are closed 
formulas then r(P & Q ) l d  iff Pd  and Qd'. 

Proof: exercise 

Next define: 

Def: I' is u-complete iff I' is a set of closed formulas and for 
every existential generalization r(1x)Pl in F, I' also contains 
some instance Sb(c/x)P of the generalization. 

(1.24) If I' is maximal consistent and wcomplete then r(3x)Pl eI' 
iff for some constant c, Sb(c/x)PeS'. 

The completeness theorem follows from two lemmas, the first of 
which is: 

(1.25) If I' is maximal consistent and u-complete then I' has a 
model. 

Proof: Suppose I' is maximal consistent and u-complete. We 
construct a model as follows. For each individual constant c we 
let [c] be {dl d is a constant & rc = deI'}. Let D = {[c] 1 c is 
a constant}. We define p as follows: 

(1) if P is a sentence letter, p(P) = 1 iff PeT; 
(2) if c is a constant, p(c) = [c]; 
(3) if R is an n-place relation symbol (n > O), p(R) 

= {([c1] ,-, [c,,]) 1 rRc1 ,..., c,,leI'}. 
Now we can prove by induction on the length of a formula that a 
closed formula P is a member of I' iff it is true in (D,p). Suppose 
this holds for all formulas shorter than P, and let us show that it 
holds for P. We have six cases to consider: 
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(a) Suppose P is a sentence letter. Then by construction, P is 
true in (D,p) iff p(P) = 1. 

(b) Suppose P = re = (fl. If Pf-I' then by (1.21), for any 
constant b, rc = bleF iff I'd = b l d ,  and hence [c] = [dl. Hence 
p(c) = p(d), so rc = (fl is true in (Â£>,I) Conversely, if rc = (fl 
is true in (D,p) then [c] = [dl. de[d], so df-[c], and hence rc = 
(fl f-r. 

(c) Suppose P = rRc l...cnl. Then P is true in (D,p) iff 
(n(cl),...,n(c^)en(R), iff ([cil,...,[cnl)~~(R), iff rRci.-.cnld. 

(d) Suppose P = r-Q1. -Q is true in (D,p) iff Q is not true 
in (D,ii}, which by the induction hypothesis holds iff Qff, which 
by (1.22) holds iff 1"-Ql eF. 

(e) Suppose P = r(Q & R)l. This is analogous to (d), using 
(1.23). 

(f) Suppose P = r(3x)Ql. Suppose Pd. By u-completeness, 
for some constant c, Sb(c/x)QeT. Then by the induction hypothe- 
sis, Sb(c/x)Q is true in (D,p), so (3x)Q is true in (D,p). Con- 
versely, suppose (1x)Q is true in (D,p). Then for some constant 
c, [c] satisfies Q in (D,p). c designates [c] in (D,ii}, so it follows 
that Sb(c1x)Q is true in (D,ii}. Then by the induction hypothesis, 
Sb(c1x)QeF. Hence by (1.21), r(3x)Ql er. 

Our second major lemma is: 

(1.26) If F is a consistent set of closed formulas and there are 
infinitely many individual constants not occurring in I' then 
there is a maximal consistent (incomplete set fl such that 
r s n. 

Proof: Suppose I' is a consistent set of closed formulas and there 
are infinitely many individual constants not occurring in F. 
Consider an enumeration of all closed formulas, i.e., a 1-1 mapping 
f from u onto the set of closed formulas, and consider the resulting 
ordering of closed formulas. We want to rearrange this ordering in 
such a way that whenever an existential generalization r(3x)Ql 
occurs, the next formula in the ordering is an instance of it Sb(c/x)Q 
where c is a constant not occurring in any of the formulas 
preceding it in the ordering or in any members of F. This can 
always be done. As there are infinitely many constants not 
occurring in members of I", and every formula occurs at some 
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point in the ordering, at each point in the ordering there will 
remain infinitely many constants that have not yet occurred. We 
simply proceed through the ordering to the first instance Sb(c/x)Q 
where c has not previously occurred, and move that instance up 
so that it immediately follows the existential generalization. 
Repeating this process indefinitely yields an enumeration with the 
desired property. For each n, let P be the nth formula in the 
enumeration. So if P,, is an existential generalization r(3Jc)Ql then 
Pn+l is an instance Sb(c/x)Q where c is a constant not occurring 
in any of the previous P i s  or in any member of I". 

Now we define the sets A, inductively as follows: 

An = r 
= Ap{Pi} if this is consistent, and Ai+l = Alu{-Pi} 

otherwise. 
n = U{A,I ia}.  

For each i, either PleAi+l or r-Pi1&4i+l, so Q is maximal. We 
prove by induction that each A, is consistent. By hypothesis, A. 
is consistent. Suppose A, is consistent. If were inconsistent, 
it would have to be Ap{-Pi} where Alu{Pi} is inconsistent. But 
then both Alu{-Pi} and Alu{Pi} are inconsistent, i.e., both imply 
contradictions. Then A, [ --Pi and A, [ -Pi, and hence A, is 
inconsistent, which contradicts the induction hypothesis. Therefore, 

is consistent. It follows from this that Q is consistent, 
because if fl were inconsistent then by (1.20) it would have a finite 
inconsistent subset {Ql, ...,Qk}. Each of these would either be in 
I" or in some Ai, and as the Ais  are cumulative, there would be 
an i such that {Ql, ...,Qk} e A,. Then Ai would be inconsistent, 
contrary to what we have proven. Therefore, 0 is maximal 
consistent. 

To prove that Q is til-complete, suppose r(3x)Ql dl. For some 
i, r(3x)Ql is Pi. As P14, Pi must be consistent with A,. Pi+l is 
Sb(clx)Q for some c not occurring in any members of A,. If Pi+l 
were inconsistent with A,,,, then for some R, Ai+lu{Sb(c/x)Q} 
1 (R & -R). But then by (El), Ai+lu{(3x)Q} [ (R & -R). 
Ai+lu{(lx)Q} = so Ai+l would be inconsistent, which 
contradicts our previous result. Hence Pi+l must be consistent 
with and hence Pi+1e^i+2. Thus rSb(clx)Ql dl, and hence 
Q is incomplete. 
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It follows from (1.25) and (1.26) that if I" is consistent and 
there are infinitely many individual constants not occurring in 
members of r, then I" has a model. On the other hand, if I" is 
consistent but there fail to be infinitely many individual constants 
not occurring in members of I", we can just extend the language by 
adding infinitely many new constants. That does not alter the 
semantics. I", as a set of formulas of this enlarged language, has 
a model, and hence it has a model as a set of formulas of the 
original language. Therefore: 

(1.27) Strong Completeness Theorem for PC-Derivations: If I" is 
any consistent set of closed formulas then r has a model. 

Combining strong completeness and strong soundness we get: 

(1.28) If F is a set of closed formulas then F is consistent iff it 
is satisfiable. 

A surprising consequence of (1.28) is the Compactness theorem for 
the predicate calculus: 

(1.29) A set of closed formulas is satisfiable iff every finite subset 
of it is satisfiable. 

Proof: Obviously, if r is satisfiable then every subset of it (finite 
or not) is satisfiable. Conversely, suppose every finite subset of F 
is satisfiable. By (1.29), every finite subset of I' is consistent, and 
then by (1.20), F is consistent. Then by (1.29), F is satisfiable. 

1.4 Definite DesCnptions 
Following Bertrand Russell, we take the definite description 

LXGX to be "defined contextually". This means that we do not 
give a definition of the expression itself, but rather of formulas 
containing it. In the simplest case, where F is a monadic relation 
symbol: 

We cannot employ this same definition in general, however, 
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because if we let r-F(~xGx)l = r(3x)[-Fx & (Wy)(Gy = y = x)]l, 
this has the result that -F(LxGx) is not the negation of F(LxGx). 
Instead, both would have "existential import", i.e., both would 
imply r(Ix)(Wy)(Gy = y = x)1. The latter says that there is such 
a thing as "the thing that is G". Let us express this as follows: 

rE! ~xGx1 makes a contingent claim, so it should not be implied by 
both a formula and its negation (otherwise both would be false if 
the contingent claim were false). Formulas containing definite 
descriptions have two kinds of negations-internal negations and 
external negations. The external negation of F(LxGx) is the 
ordinary negation, i.e., 

-(3x)[Fx & (Wy)(Gy = y = x)]. 

The internal negation says instead that there is such a thing as the 
G, and it is not F: 

(3x)[-Fx & (Wy)(Gy = y = x)]. 

We symbolize the latter as: 

The difference between rF(ixGx)l and r[-Fx](ixGx)l is said to 
lie in the scope of the definite description. We define in general: 

Def: If (p is an n-formula having free occurrences of the 
variables xi, ...A (listed in some fixed ordering), and 
el, ..., en are 1-formulas whose free variables are xi, ...,xn 
respectively, then r [ ( p ] ( ~ x ~ O ~ , . . . , ~ x ~ f f ~ ) l  = r(3x1) ...( 3xn){(p 
& (wxl)(Sb(y/xl)el = y = xl) & ... & (Vxn)(sb(y/xn)en = 
y = xn)}le 

In r [ ( p ] ( ~ x ~ t f ~ , . . . , ~ x ~ 0 ~ ) 1 ,  [(p] is the scope of the definite descriptions. 
It is important to pay attention to the scopes of definite descrip- 
tions. English sentences are typically ambiguous in this respect, 
and that has played a role in the generation of fallacious argu- 
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ments that have actually been quite influential in the history of 
philosophy. 

It is convenient to do away with the scope notation for atomic 
formulas: 

Def: If R is a n-ary relation symbol then rR(ixlOl, ..., ixntfn)l = 
r[^xl ,... $,,I( ixe1 ,..., ixen)1. 

Def: r i x P =  txQ1 = ~ [ x = ~ ] ( L x P , L ~ Q ) ~ .  

There are some simple theorems about the effects of non-atomic 
scopes: 

(1.30) r[-ip](~x~ff~,...,ix~5~)1 is equivalent to H E ! L X ~ ~ ~  & ... & 
E! ixnen & r-[ip](~~~e~,...,~~~e,,)l. 

(1.31) If ip and # are n-formulas then r[(y & #)](ix1tfl,...,~xnOn)1 
is equivalent to r[ip](ixlel, ..., ixnen) & [fl(ixlel,...,~x,,en)l. 

(1.32) r[(3y)ip](~x~O~, ..., ixnOn)l is equivalent to 
r ( ~ ~ ) [ i p ] ( ~ x ~ e ~ , . . . , ~ ~ ~ e ~ ) '  

By repeated application of (1.30)-(1.32), the scopes of the definite 
descriptions in a formula can be systematically driven inward until 
they become atomic. Thus we could, without loss of expressive 
power, have required that the scopes of definite descriptions 
always be atomic. 

A further result can be proven on the basis of (1.30)-(1.32). 
The only effect of varying the scope is to alter the existential 
import, and that only occurs in the case of negations (in accor- 
dance with (1.30)). Thus if we know that the definite descriptions 
have denotations, the scopes should not make any difference to 
anything. More precisely, 

(1.33) rE!ix1fil & ... & E ! L X ~ ~ ~ ~  implies 
r [ ip ] (~x~e~  ,..., ixnen) = sb(ix1el ,..., LX,,~,,IX~ ,... ,~,,)ipl. 

In this equivalence, rSb(ix1Ol, . . . , ~ ~ ~ 1 9 ~ l x ~ , . . . , x ~ ) i p l  is a formula in 
which definite descriptions have only atomic scopes. This theorem 
is proven by induction on the length of ip, using (1.30)-(1.32). In 
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many cases in which we use definite descriptions, we will know 
that the terms have denotations, so this theorem will allow us to 
ignore scopes. 

1.5 Fast-Order Logic with Functions 
In most concrete applications of the predicate calculus, we 

want to be able to symbolize propositions about functions. For 
instance, in axiomatizing arithmetic we will want to talk about 
addition, multiplication, and exponentiation. There are two ways 
of handling functions in the predicate calculus. The most straight- 
forward is to extend the language, adding a new class of primitive 
symbols. We would call these function symbols, and we would add 
new formulas to the language to allow us to write things like 
rR(f(x),g(y))l. Proceeding in that way is straightforward but 
tedious because it requires us to repeat all of our previous work 
on semantics and derivations and verify that it still works with the 
addition of function symbols. 

There is another alternative available to us, and it will be 
followed here. We can get the effect of function symbols, without 
changing the language, by using definite descriptions. An n-place 
function f(xl, ...,x.,) can be identified with an (n+l)-place relation 
f(xl, ...,x,y), and then we can introduce function notation by letting 
rf(xl, ...&)I be an abbreviation for riy f(xl, ...,xn,y)l. If we know 
that our functions are defined for everything in our universe of 
discourse (i.e., their domains include all n-tuples of elements from 
our universe of discourse), then in light of theorem (1.33), we do 
not have to worry about scopes and can treat terms of the form 
rf(xl, ...$)I just as if they were individual constants or variables. 

Practice exercise: Treating rx + yl as a more perspicuous way of 
writing r+(x,y)l, write the formula r(Wx)(Wy) x + y = y + xl in 
primitive notation (that is, without function symbols or definite 
descriptions). 

2. First-Order Theories 

21 Axiomatic Theones 
One of the main uses of the predicate calculus is in axiomatiz- 

ing various subject matters. The most common case is the 
axiomatization of mathematical theories, but we also find axiomati- 
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zations of physical theories, theories of measurement, economic 
theories, and so forth. In general, a first-order theory is any set of 
closed formulas closed under implication: 

Def: T is a first-order theory iff T is a set of closed formulas 
and for any P, if T [ P then PET. 

The theorems of a theory are its members. An axiomatization of 
T is simply a set of formulas in T that imply all the other 
theorems of T. Trivially, every theory is axiomatizable-we can let 
every theorem be an axiom. The more interesting case is that of 
finitely axiomatizable theories: 

Def: A first-order theory T is finitely axiomatizable iff there is 
a finite subset A of T such that for every P in T, A 1 P. 

Def: A first-order theory T is consistent iff it is a consistent set 
of closed formulas. 

Usually in constructing a theory, we have in mind a particular 
model, which we call the intended model. Such a theory is said to 
be an interpreted first-order theory. For example, in axiomatizing 
arithmetic the domain of the intended model is u and we use a 
language in which the only relation symbols are symbols expressing 
addition, multiplication, and exponentiation. In such a case, every 
closed formula has a unique truth value in the intended model, 
and a satisfactory axiomatization should make every true formula 
a theorem. We can define notions of soundness and completeness 
relative to the intended model: 

D e w  interpreted first-order theory T is sound iff all of its 
theorems are true in the intended model. 

Def: An interpreted first-order theory T is semantically complete 
iff all formulas true in the intended model are theorems. 

For every formula, either it or its negation is true in the intended 
model, so we can also generate a more syntactical notion of 
completeness: 
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Def: An interpreted first-order theory T is (simply) complete iff 
for every closed formula P, either PET or r-PleT 

There are some simple relationships between these different 
notions: 

(2.1) If T is an interpreted first-order theory then: 
(a) if T is sound, then T is complete iff T is semantically 

complete; 
(b) if T is unsound, then if T is consistent, it is semanti- 

cally incomplete; 
(c) if T is semantically complete, then T is sound iff T 

is consistent. 

Proof of (a): Suppose T is sound. Every closed formula is either 
true or false in the intended model, so if T is complete then it is 
semantically complete. Conversely, suppose T is semantically 
complete but not complete. Then there is some true formula P 
that is not a theorem. But then -P is a theorem, which is 
impossible as T is sound. 

(b) and (c) are left as exercises. 

A number of important examples of complete theories are known. 
For example, Tarski has shown that there is a complete finite 
axiomatization of the theory of the arithmetic of the real numbers. 
Early progress in constructing axiomatizations led mathematicians 
to think that all of mathematics should be axiomatizable, and to 
suggest that mathematical truth might just consist of being the 
logical consequences of conventionally adopted axioms. In this 
context, Godel's theorem was earthshaking. What Godel showed 
was that no powerful mathematical theories are axiomatizable in 
any interesting way. That is our next topic. 

22 Semantic Closure 
Theories that are ostensibly about one topic can often be 

reinterpreted in such a way that they can be regarded as encoding 
information about a totally different topic. In particular, they may 
be "semantically closed" in a way that enables them to encode 
information about themselves. Consider a first-order theory T with 
infinitely many individual constants. The individual constants will, 
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in the intended interpretation, denote numbers or sets or some- 
thing like that, but we can reinterpret them to represent formulas 
of the language of the theory. Define: 

D e f : T )  is a Godel function for T iff Q maps the set of formulas 
and finite sequences of formulas 1-1 into the set of 
individual constants. If the constants are numerals (i.e., 
they designate natural numbers), Q is said to be a Godel 
numbering. 

We can think of Tl(P) as playing the role of a "name" for the 
formula P in the nonstandard interpretation we are constructing. 
To illustrate this, consider a formalization of first-order number 
theory (the arithmetic of the natural numbers) in which we express 
addition, multiplication, and exponentiation in the normal ways, 
and we have a constant for each number (its numeral). A Godel 
numbering can be constructed using what is called "the prime 
factorization theorem". Prime numbers are numbers divisible only 
by themselves and 1. The primes are 1,2,3,5,7,11,13,17,19,23 ,... . 
There are infinitely many prime numbers. The prime factorization 
theorem tells us that every natural number can be represented in 
just one way as a product of powers of primes. For instance, 

To construct a Godel numbering for first-order number theory, we 
begin by enumerating the primitive symbols of the language in the 
following way: 
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We complete this list with an enumeration of the rest of the 
variables and constants (the latter are numerals) ordered in such 
a way that they alternate (to make a single enumeration possible). 
Each formula is a finite sequence of primitive symbols, so we 
construct its Godel number as the product of powers of primes 
where the first term is the second prime (that is, 2) raised to the 
power of the number corresponding to that primitive symbol, the 
second term is the next prime raised to the power of the number 
corresponding to that primitive symbol, and so on. For instance, 
the Godel number of ^(1x)(ly)(x+y = x*y)l is 

In this way we get a Godel number for each formula. Godel 
numbers for finite sequences of formulas are constructed analog- 
ously. The Godel number for the sequence (Pi, ..., Pn) is taken to 
be: 

where for each i, pi is the (i+l)th prime number. We can then 
regard the numeral (individual constant) denoting this number as 
a name of the formula. 

Given a Godel numbering, we can regard formulas of the 
object language as "expressing" formulas of the metalanguage in 
the following sense: 

Def: If T is an interpreted theory, Ã̂  is a Godel function, 
2(P1, ..., Pn) is a metalinguistic formula whose free metaling- 
uistic variables are Pi, ..., P.,, and #(xi,...&) is an n-formula 
of T, $J expresses 2 in T iff for all formulas PI, ..., Pn, 
2(P1, ..., Pn) is true iff $(q(P1), ...,Ã )̂ Pn)) is true in the 
intended model. 
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For instance, in the Godel numbering just constructed, the Godel 
numbers of variables are all the odd numbers greater than 9, so 
the metalinguistic formula "a is a variable" is expressed by the 
object language formula 

In a similar way, in any reasonably rich object language (for 
instance, number theory or set theory), given any a finite set of 
axioms we will be able to construct object language formulas 
expressing "a is an axiom" and "a is a derivation of ft from the 
axioms". 

We have defined what it is for an object language formula to 
express a metalinguistic formula. We can also talk about an object 
language junction expressing a metalinguistic function: 

Def: If F(Pl, ..., Pn) is a metalinguistic function and /(xi, ...,x) 
is an object language function, f expresses F iff the object 
language formula rf(x1, ...,xn) = yl expresses the metaling- 
uistic formula "F(P1, ..., P )  = Q". 

There is a metalinguistic function, called the diagonal function, 
that plays a crucial role in Godel's theorem and theorems about 
semantic closure: 

Def: A is a one-place metalinguistic function defined by 
stipulating that for any 1-formula $(x), A($(x)) = 

i l>(n~x)))-l  

Note that $(q($(x))) can be interpreted as saying that the formula 
$(x )  satisfies itself. In any reasonably expressive object language, 
for instance, number theory, it will be simple to construct a 
formula expressing the diagonal function. 

The following Semantical Diugonalization Theorem is the 
crucial lemma for results on semantical closure: 

A less perspicuous but technically more accurate way of writing this 
definition would be as follows: A is a one-place metalinguistic function defined 
by stipulating that for any 1-formula 0, if x is the single free variable of 0 then 
A(*) = Sb(rl(i>)lx)*. 
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(2.2) If T is an interpreted first-order theory for which there is 
a Godel function q, and A is expressible in T, then given 
any 1-formula $(x) there is a closed formula 9 such that 
r6 a l&(q(6))1 is true in the intended model. 

Proof: Suppose 6(x) expresses A. Let 6 = $(6(q($(6(x))))). 
A($(~(x))) = $(6(~(0(6(~))))), so as 6 expresses A, r6(~,($(6(~)))) = 
q($(6(~($(6(x))))))l is true in the intended model. That is, 
r6(q($(6(x)))) = q(6)l is true in the intended model. Trivially, 
r$(&(q(W(x))))) = $(6(q($(<(x)))))l is true in the intended model, 
so by the substitutivity of identity, substituting ~ ( 6 )  for 
r6(~($(6(x)))l in this biconditional, we obtain that r$(6(q($(&(x))))) 
= a ( 6 ) ) l  is true in the intended model. But this is just r6 = 
^(O))-! - 

We have the following simple theorem, more or less due to 
Tarski, which is of very profound significance: 

(2.3) If T is an interpreted first-order theory for which there is 
a Godel function q, and A is expressible in T, then truth 
(i.e., the metalinguistic formula "a is true in the intended 
model") is not expressible in T. 

Proof: The proof is modeled on the liar paradox. If truth were 
expressible in T, we could construct a formula that says of itself 
that it is not true. That formula would then be both true and not 
true, which is impossible. Making this precise, suppose T is an 
interpreted first-order theory for which there is a Godel function 
q, and A is expressible in T. Suppose that there is an object 
language formula Jtx) that expresses the metalinguistic formula 
"a is true in the intended model". By the semantical diagonali- 
zation theorem, there is a formula 6 such that r6 = -m(6))1 is 
true in the intended model. Either 6 or -6 is true in the intended 
model. Suppose 6 is true. As Jtx) expresses truth, it follows that 
Jtq(6)) is also true in the intended model. But that is impossible 
because 1'6 a -Jtq(6))1 is true in the intended model. Thus it 
must instead be -6 that is true in the intended model. Then 6 is 
not true, so T(q(6)) is not true either. In other words, 6 is false 
and -Jtq(6)) is true. But this is again impossible because r6 s 
-q~)(tf))l is true in the intended model. Thus we have a 
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contradiction. So truth cannot be expressible in T. 

From (2.3) we immediately obtain a very simple "semantical 
analogue" of Godel's theorem: 

(2.4) If T is an interpreted sound first-order theory for which 
there is a Godel function r), and A is expressible in T, and 
"a is a theorem of T" is expressible in T, then T is 
incomplete. 

Proof: Suppose T is an interpreted sound first-order theory for 
which there is a Godel function r), and A is expressible in T, and 
"a is a theorem of T" is expressible in T. If T were complete, a 
formula would satisfy "a is a theorem of T iff it satisfied "a is 
true in the intended model". Thus an object language formula 
expressing "a is a theorem of T" would also express "a is true in 
the intended model". By (2.3), the latter is impossible, so T is not 
complete. 

Suppose that T can be axiomatized by some set of axioms we 
know to be true. Then the proof of (2.4) is a proof of the truth 
of the Godel formula 8 (because 9 is true iff it is not a theorem 
of T). Consequently, 9 is provable without being derivable from 
the axioms of T. Hence this theorem is often regarded as telling 
us that provability outstrips derivability from any particular set of 
true axioms. This is a puzzling result. 

(2.4) is not quite Godel's theorem, for reasons I will explain 
in the next section, but it contains most of the philosophical meat 
of Godel's theorem. As I indicated above, if T is any reasonably 
expressive theory, A will be expressible in it. This is true, for 
example, if T is first-order number theory, or if T is some theory 
like set theory within which first-order number theory can be 
constructed. If T has a finite set of axioms, then it will be quite 
mechanical to construct a formula expressing the metalinguistic 
formula "a is an axiom". Even if T has an infinite set of axioms 
(e.g., it might have axiom schemas), this will often remain true. 
And if "a is an axiom" is expressible, it is not at all difficult to 
construct a formula expressing "a is a derivation of /I from the 
axioms". Suppose Pr(x,y) is such a formula. Then "a is a 
theorem of T" is expressed by f(Ix)Pr(x,y)l. Thus, no reasonably 
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expressive sound first-order theory with a "well behaved" set of axioms 
can be complete. 

To illustrate this result, consider the first-order theory S 
known as Peano arithmetic. It has the following axioms: 

The fourth item on this list is the axiom scheme of induction. It 
is an axiom scheme rather than a single axiom because it yields a 
separate axiom for each choice of 0. The axioms of S appear to 
be just Peano's axioms together with the inductive definitions of 
addition, multiplication, and exponentiation. We know that the 
latter axioms completely characterize u, so it seems surprising that 
S is incomplete. The explanation for why it is not has to do with 
the axiom scheme of induction. That does not fully express the 
induction principle. The easiest way to see this is to note that 
the axiom scheme only generates an instance for each property 
expressed by a 1-formula of the language of first-order number 
theory, but it can be proven that "most" properties of the natural 
numbers cannot be so expressed. More accurately, the set of all 
properties of the natural numbers is of a higher order of infinity 
than the set of 1-formulas. To fully express the principle of 
mathematical induction, we must use second-order logic, wherein we 
can quantify over properties as well as over numbers. We can 
then replace the axiom scheme by the single second-order axiom: 

It can be shown that the resulting set of second-order axioms is 
complete. In fact, the proof of categoricity that we gave in set 
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theory can be turned into a proof of completeness for the second- 
order axioms. 

Practice exercise: Godel's theorem leads to a distinction between 
"absolute provability" and "formal derivability from a set of 
axioms". Assume that anything that is provable absolutely is true. 
Given some interpreted theory T, suppose there is a number- 
theoretical predicate p of T that expresses absolute provability, i.e., 
which is such that for any closed formula P of T, P is provable 
absolutely iff p(q(P)) is true in the intended model of T. By the 
diagonalization theorem, there is a closed formula Q such that 
rQ s -p(q(Q))l is provable absolutely. Show that (1) Q is not 
provable absolutely, and (2) Q is true. 

23 Godel's Theorem 
Theorem (2.4) was described as a "semantical analogue" of 

Godel's theorem. Theorem (2.4) applies to interpreted theories 
and makes essential appeal to truth in the intended model. 
Godel's theorem itself is entirely nonsemantical. Most of the 
philosophical meat of Godel's theorem can be gotten out of (2.4), 
but there is some philosophical reason for preferring a nonsemanti- 
cal theorem. This is that Godel's theorem is used to throw light 
on the concept of mathematical truth itself. For this purpose we 
might be skeptical of "mathematical realism" according to which 
mathematical truth is understood literally in terms of a domain of 
mathematical objects. A natural and once popular alternative was 
to try to analyze mathematical truth in terms of provability from 
a purely conventional set of axioms. Such views of mathematical 
truth might undermine some of the semantical moves used in 
proving theorem (2.4). Godel's theorem, by contrast, is not subject 
to such objections and is generally regarded as establishing that 
such a conventional view of mathematical truth is untenable. In 
fact, Godel's theorem constitutes one of the principal tools used by 
some to defend mathematical realism. 

Godel's theorem replaces the use of "express" by the use of 
represent :  

Def: If 2(P1, ..., Pn) is a metalinguistic formula whose free 
metalinguistic variables are PI, ..., Pn, and #(xI,  ...,xn) is an 
n-formula of T, # represents 2 in T iff for all formulas PI, ..., P :  
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(1) if 2(P1, ..., Pn) is true then rO(v(P1), ...,v(P is a 
theorem of T; and 

(2) if w, ..., Pn) is false then r-$(^(PI), ..-,^(Pn))1 is a 
theorem of T. 

Def: If 2(P1,..., Pn) is a metalinguistic formula whose free 
metalinguistic variables are Pi, ..., Pn, and $(xi,...&) is an 
n-formula of T, 6 weakly represents 2 in T iff for all 
formulas Pi ,..., Pn, if 2(P1 ,..., Pn) is true then 
r#(v(Pl), ...,v( Pn))l is a theorem of T. 

Def: If F(Pl, ..., P )  is a metalinguistic function and /(xi, ...,xn) 
is an object language function, f represents (or weakly 
represents) F iff the object language formula rf(xl, ...,x) 
= /I represents (or weakly represents) the metalinguistic 
formula "F(Pl, ..., Pn) = Q". 

In almost precisely the same way we proved the semantical 
diagonalization theorem (2.2), we prove Tarski's Diagonalization 
Theorem: 

(2.5) If A is weakly representable in T, then given any 1-formula 
$(x) there is a closed formula 9 such that r9 a #(q(9))1 is 
a theorem of T. 

Proof: exercise 

Godel's First Incompleteness Theorem is now the following: 

(2.6) If T is a first-order theory containing S, T is consistent, 
A is weakly representable, and "a is a proof of ft" is 
representable, then T is incomplete. 

Proof: Suppose T is a first-order theory containing S, T is 
consistent, A is weakly representable, and Pr(x,y) represents "a is 
a proof of ft". By the diagonalization theorem, we can choose a 
9 such that 
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is a theorem of T. Intuitively, 9 "says of itself" that if there is a 
proof of it then there is a proof with a smaller Godel number of 
-9. Now we prove that neither 9 nor -9 is a theorem of T. 
Suppose 9 is a theorem. Then for some sequence a, a is a proof 
of 9. Consequently, Pr(q(a),q(9)) is also a theorem of T. As 9 
is a theorem, so is 

is a theorem of T. For each numeral k, if 0, ..., m are the preced- 
ing numerals, then the following is a theorem scheme of S and 
hence of T: 

Consequently, the following is a theorem of T: 

where 0, ..., m are the numerals preceding r)(o). As Pr(x,y) 
represents "a is a proof of /I", if a numeral k is not the Godel 
numeral for a proof of -9, then r-Pr(k,r)(-9))l is a theorem of 
T. Consequently, if none of 0, ..., m is a Godel numeral for a proof 
of -9 then 

is a theorem of T. But then T would be inconsistent, contrary to 
hypothesis. Thus one of 0, ..., m must be the Godel numeral for a 
proof of -9, and hence -9 is a theorem of T. But that is again 
impossible because we assumed that 9 is a theorem of T and T 
is consistent. Therefore, 0 is not a theorem of T. 

Suppose -6 is a theorem of T. Then for some a, a is a proof 
of -9. Then rPr(q(u),q(-9))l is a theorem of T. As T is 
consistent, 9 is not a theorem of T, so there is no proof of 9. Let 
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0, ..., m be the numerals preceding ~ ( o ) .  As none of these is the 
Godel numeral for a proof of 6, 

is a theorem of T. The latter implies in S, and hence in T, 

This in turn implies 

so this is a theorem of T. rR(ii(a),r](-8))l is also a theorem of 
T, so 

is a theorem of T. This implies the following theorem of T: 

But 6 was chosen so that it is equivalent in T to the latter, so 6 
is a theorem of T. Thus again, T is inconsistent. Consequently, 
-6 cannot be a theorem of T. 

As neither 6 nor -6 is a theorem of T, T is incomplete. 

Although (2.6) is officially called "Godel's theorem", this is not the 
form of the theorem proven by Godel himself. This version of 
Godel's theorem has profited from improvements by a number of 
mathematicians and logicians, the most notable being Rosser and 
Tarski. 

The "crisis in set theory" engendered by the discovery of the 
set-theoretic antinomies led mathematicians and logicians to look 
for axiomatizations of set theory that could be proven consistent. 
Godel's second incompleteness theorem is directed at that. It 
shows that if a theory T is strong enough to enable us to prove its 
own consistency within it, then T is actually inconsistent. Any 
convincing proof of consistency for an axiomatic set theory strong 
enough to found mathematics would have to be such that it could 
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be carried out within that set theory itself, so it would then follow 
that the set theory is inconsistent. Consequently, the hope that 
some strong axiomatic set theory could be constructed that was 
demonstrably consistent has proven vain. 

Consider a theory T strong enough for A to be weakly 
representable in it and "a is a proof of ft" to be representable in 
it. Let Pr(x#) represent the latter, and define rThm(x)l to be 
r(3y)Pr(y,x)l. Then rThm(x)l weakly represents "a is a theorem 
of T". We use the diagonalization theorem to construct the 
"Godel formula" G: 

Def: G is the formula constructed in accordance with the 
diagonalization theorem so that rG = -Thm(q(G))l is a 
theorem of T. 

Def: Con = r-[Thm(q(G) & Thm(q(-G)))]l . 
Con is a formula that can be regarded as saying that T is 
consistent. We prove two lemmas: 

(2.7) If T is consistent and A and theoremhood are weakly 
representable, then G is not a theorem of T. 

Proof: Suppose G is a theorem of T. Then rThm(q(G))l is a 
theorem of T, so r-(71 is a theorem of T. But that contradicts 
the assumption that T is consistent. 

(2.8) If A and theoremhood are weakly representable in T and 
for any closed formulas P and Q: 
(a) ^fim(n(P = Q)) 3 [Thm(n(P)) = Thm(n(Q))l'\ is a 

theorem of T; and 
(b) rnm(q(P)) 3 Thm(q(Thm(q(P))))l is a theorem of 

T; 
then rThm(q(G)) 3 Thm(q(-G))l is a theorem of T. 

Proof: By (b), 

is a theorem of T. 1"-G = Thm(q(G))l is a theorem of T, so 



is a theorem of T. Then by (a) 

is a theorem of T. So fThm(q(G)) 3 Thm(q(-G))1 is a theorem 
of T. 

Part of the significance of (a) and (b) in (2.8) is that ^Thrn(q(P = 
Q)) 3 [Thm(rf{F)) = mm(~?(Q))11 and r h ( r ~ ( P ) )  3 
Thm(q(Thm(q(P))))l are both true, and so ought to be theorems 
in any reasonably strong theory. They are, for example, theorems 
of S. Godd's Second Incompleteness Theorem is now: 

(2.9) If A and theoremhood are weakly representable in T and 
for any closed formulas P and Q: 
(a) rThm(~)(P = Q)) 3 [Thm(n(P)) = Thm(r\(Q))l1 is a 

theorem of T; and 
(b) TThm(n(P)) 3 Thm(q(Thm(q(P))))l is a theorem of 

T; and 
(c) Con is a theorem of T; 
then T is inconsistent. 

Proof: Suppose (a), (b), and (c) hold. Con is equivalent to 
^Thm(q(G)) 3 -77wi(q(-G))l, so this is a theorem of T. By 
virtue of this and (2.8), 

is a theorem of T, so r-Thm(q(G))1 is a theorem of T. But G 
is equivalent to the latter, so G is a theorem of T. Then by (2.7), 
T is inconsistent. 

Our theorems all have hypotheses to the effect that various 
metalinguistic formulas and functions are representable or weakly 
representable in T. We might wonder how generally this condition 
is going to be satisfied. It turns out that it is satisfied by any 
reasonable axiomatization that contains even a rather weak version 
of first-order number theory. As was pointed out above, first-order 
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theories need not have finite axiomatizations. For example, S does 
not. But the axioms of an axiomatic theory ought to at least be 
well-behaved in the very general sense that we can tell in a 
mechanical way whether any given formula is an axiom. A set is 
said to be decidable iff there is a mechanical procedure (an 
algorithm) for determining whether something is a member of it. 
So the requirement on reasonable axiomatic theories is that the set 
of axioms should at least be decidable. 

The notion of a decidable set has been investigated at length 
in modern logic. It is connected with the notion of a computable 
function. A computable function is one for which there is a 
mechanical procedure for computing its value in any case. Given 
a set X, the characteristic function of X is defined as follows: 

Obviously, X is decidable iff its characteristic function is com- 
putable. Earlier in this century, several analyses were proposed for 
the notion of a computable function of natural numbers. These 
included the notion of a recursive function, a Post computable 
function, and a Turing computable function. Very roughly, a 
Turing computable function is one that could be computed by a 
computer with an unlimited memory. It was subsequently shown 
that these are all equivalent. The thesis that they are exactly the 
computable functions of natural numbers is: 

Church's Thesis: A function from natural numbers 
to natural numbers is computable iff it is recur- 
sive. 

Today, Church's thesis is accepted almost universally. Note that 
it is not the kind of thesis that can be proven mathematically, 
because the notion of a computable function does not have a 
mathematical characterization. Instead, this is a kind of epis- 
temological thesis, and the evidence for it is essentially inductive. 

A set of natural numbers is recursive iff its characteristic 
function is recursive. Church's Thesis implies: 

A set of natural numbers is decidable iff it is recursive. 
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The Godel number of a formula is the natural number denoted by 
its Godel numeral. A set of formulas is said to be recursive iff 
the corresponding set of Godel numbers is recursive. If the 
function assigning Godel numbers is computable, then the set of 
formulas is decidable iff the corresponding set of Godel numbers 
is decidable, and hence Church's Thesis also implies: 

A set of formulas is decidable iff it is recursive. 

Any normal assignment of Godel numbers is computable. For 
example, that constructed above is obviously computable. (Notice 
that this does not mean that it is recursive. It is not a function 
from natural numbers to natural numbers, so it cannot be recur- 
sive.) 

Recursive functions are functions defined on the natural 
numbers. We can also define the concept of a recursive metaling- 
uistic function as follows. Where F is a metalinguistic function of 
expressions, we can construct a corresponding number theoretic 
function f by stipulating that f(nl, ..., n )  = k iff nl, ..., nm,k are the 
Godel numbers of some expressions El ,..., Em,Ek and F(Ei ,..., Em) 
= Ek Then we say that F is a recursive metalinguistic function iff 
f is a recursive number theoretic function. If the Godel number- 
ing is computable, then F is computable iff f is computable, 
because either could be computed by computing the other. Thus 
it follows from Church's thesis that: 

A metalinguistic function is computable iff it is recursive. 

We defined representability for metalinguistic formulas and 
metalinguistic functions. It is convenient to extend this to sets of 
formulas, saying that a 1-formula #(x) represents a set A iff there 
is a metalinguistic formula X(X) such that #(x) represents 2(X) and 
A is the set of all expressions X such that (̂X) holds. Thus, for 
instance, we can talk indifferently about "a is an axiom" being 
representable or about the set of axioms being representable. 

In light of these results, the set of axioms of an axiomatic 
theory is decidable iff the set of axioms is recursive. Now consider 
the very weak axiomatic number theory known as Robinson's 
Arithmetic, RR. It has the following finite set of axioms: 
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(Vx)(Vy)[S(x) = s o ^  x = Y I  
(Mx) 0 # S(x) 
(VX)[X # 0 3 (3y)x = S(y)] 
(Mx) x+0 = x 
(V~)(VY) x+S(Y) = S ( ~ + Y )  
(Mx) x-0 = 0 
(Vx)(My) x.S(y) = x*y + x 
(~x)(~y)(~z)(~v)(~u)(~w)[(y = X ' Z  + w & w < x & 
y = x-v +u & u < x )  3 w = u]  (where ru < v1 is 
r(3z)(z # o & Z+U = v)l 1. 

The following theorem can then be proven: 

(2.10) If RR is contained in T then: (1) if f is a recursive 
metalinguistic function then f is representable in T; and 
(2) all recursive sets of formulas are representable in T. 

It is obvious by Church's thesis that A is recursive, so it follows 
that if RR is contained in T then A is representable and hence 
weakly representable. We thus obtain the following generalized 
version of Godel's first incompleteness theorem: 

(2.11) If T is a consistent first-order theory containing RR, and 
T has a recursive set of axioms, then T is incomplete. 

We can obtain a generalized version of Godel's second incom- 
pleteness theorem by noting the following theorem, which will not 
be proven here: 

(2.12) If T has a recursive set of axioms and T contains S then 
for any closed formulas P and Q: 
(a) ^Thm(n(P = Q)) 3 [Thm(n(P)) = Thm(rl(Q))l' is a 

theorem of T; and 

(b) rThm(q(P)) 3 Thm(q(Thm(q(P))))l is a theorem of 
T. 

Consequently, from (2.9) we obtain: 

(2.13) If T has a recursive set of axioms, T contains S, and Con 
is a theorem of T, then T is inconsistent. 
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A decidable theory is one for which there is a mechanical 
procedure for determining whether something is a theorem. Such 
a mechanical procedure is called a decision procedure. A decid- 
able theory is just one whose set of theorems is decidable. One 
of the early hopes of mathematical logic was that a decision 
procedure could be found for all of mathematics or at least for 
large parts of mathematics. It follows from Godel's theorem that 
that cannot be done. We first prove the following simple lemma: 

(2.14) If T is a theory in which A is weakly representable and 
theoremhood is representable, then T is inconsistent. 

Proof: Suppose Thm(x) represents theoremhood, and choose G 
as before such that rG a -77im(q(G))l is a theorem of T. 
Suppose G is not a theorem of T. Then r-Thm(q(G))l is a 
theorem of T, so G is a theorem of T. Therefore, G is a theor- 
em of T. But then rThm(q(G))l is a theorem of T, and hence 
r-G1 is a theorem of T. Therefore, T is inconsistent. 

By Church's Thesis, T is decidable iff the set of theorems of T is 
recursive. Let us define: 

Def: T is essentially undecidable iff for every consistent theory 
T* containing T, T* is undecidable. 

We then have: 

(2.15) RR is essentially undecidable. 

Proof: Suppose T is a consistent theory containing RR. Then all 
recursive functions are representable in T, so A is weakly represen- 
table in T. If the set of theorems of T is recursive, then it is 
representable, and hence by (2.14), T is inconsistent. So T is not 
decidable. 

This is a very profound result. It shows that no reasonably strong 
mathematical theory can be decidable, because any such theory 
will contain RR. Furthermore, it follows from (2.15) that the 
predicate calculus itself is not decidable. This is called Church's 
Theorem (not to be confused with Church's Thesis): 
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(2.16) The set of valid formulas of the language of RR is not 
decidable. 

Proof: RR has only finitely many axioms, so we can form their 
conjunction R. Then a formula P is a theorem of RR iff FR 3 Pl 
is valid. Consequently, if validity were decidable, RR would be 
decidable. 

The undecidability of the predicate calculus contrasts sharply with 
the decidability of the propositional calculus. In the case of the 
propositional calculus there is a simple decision procedure-truth 
tables. But Church's Theorem tells us that there is nothing 
analogous for the predicate calculus. 

Various general conclusions can be drawn from this discussion 
of Godel's theorem. It places major limits on the power of 
axiomatization. No reasonable set of axioms could be nonrecur- 
sive, and Godel's theorem tells us that no even moderately strong 
first-order theory can be recursively axiomatized. In particular, no 
theory strong enough to provide a foundation for the rest of 
mathematics can be both consistent and recursively axiomatizable. 
Set theory is intended to provide just such a foundation. We were 
led to axiomatizations in set theory because our untutored intu- 
itions turned out to be inconsistent. We now find that axiomatiza- 
tion cannot solve our problems in set theory. Any axiomatic set 
theory will be incomplete. Furthermore, by Godel's second 
incompleteness theorem, if we could prove that an axiomatic set 
theory is consistent, and the set theory is strong enough to provide 
a foundation for mathematics, then the consistency proof could be 
carried out within the set theory itself, in which case it would 
actually follow that the set theory is inconsistent. So consistency 
proofs are worthless, and we are left with little more than un- 
tutored intuitions. 

3. Higher-Order Logic 

In first-order logic (the predicate calculus), quantifiers range 
over individuals. In higher-order logic, we introduce quantifiers 
over properties and relations as well, and we introduce "higher- 
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order" properties of and relations between properties and rela- 
tions. For instance, we can symbolize: 

John has some of his father's good characteristics 

(3F)(F; & Ff & G(F)) (where f denotes John's 
father). 

The most natural way to formulate higher-order logic is by 
introducing variables for properties and relations, allowing predi- 
cates and relations to occupy the argument places of other 
predicates and relations (as in rG(F)^\ and allowing quantifiers 
to incorporate variables for properties and relations. Higher-order 
logic might then be constructed on the basis of first-order logic 
and a single additional axiom scheme: 

For any n-formula $(xi, ...,xn) the following is an axiom: 
( ~ R ) ( v x ~ )  ...( Vxn)(Z?x1..+ = ,... A)). 

Unfortunately, intuitive though this axiom is, it is inconsistent. 
This was first shown by Bertrand Russell. The argument goes as 
follows. Let us say that a property is heterological iff it does not 
exemplify itself: 

Def: F is heterological iff -F(F). 

By the above axiom scheme, there is a property Het such that for 
any property F, F is heterological iff Het(F). Now ask whether 
Het is heterological. We have: 

Het(Het) iff Het is heterological 
iff -Het(Het). 

But this is a contradiction in the propositional calculus. The only 
principle employed in generating this contradiction is the above 
axiom scheme, so it is inconsistent. Notice that it is just a 
property-theoretic analogue of the axiom scheme of comprehen- 
sion in set theory. That axiom scheme was shown to be inconsis- 
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tent because of Russell's paradox, and the heterological paradox 
is a precise property-theoretic analogue of the latter. 

This and similar paradoxes can be blocked by adopting a rigid 
hierarchy of properties and relations. First-order properties and 
relations are applicable exclusively to individuals. Second-order 
properties and relations are applicable exclusively to first-order 
properties and relations. In general, (n + 1)-order properties and 
relations are applicable exclusively to n-order properties and 
relations. Second-order logic incorporates second-order properties 
and relations and quantification over first-order properties and 
relations. worder logic includes properties and relations of every 
order and quantification over them. This involves a rigid hierarchy 
of properties and relations. If a property applies to second-order 
properties, it cannot also apply to first-order properties or to 
individuals, and so on. It can be questioned whether such restric- 
tions are reasonable, but this is the normal convention in higher- 
order logic. 

The semantics for second-order logic is an extension of the 
semantics for first-order logic. Models are pairs (D,fi) as before, 
but now fi must interpret second-order properties and relations as 
well as first-order properties and relations. First-order property 
variables are taken to range over all subsets of the domain. In 
other words, they range over possible extensions of first-order 
properties. Two-place relation variables range over subsets of the 
Cartesian product of the domain with itself, and so on. Second- 
order predicates that apply to first-order predicates are assigned 
extensions that are sets of subsets of the domain. Similarly for 
second-order predicates that apply to first-order relations. Second- 
order n-ary relation symbols are assigned extensions that are sets 
of n-tuples of extensions of first-order predicates or relations. 

Second-order predicates and relation symbols are interpreted 
in terms of the extensions of the first-order properties and rela- 
tions to which they apply. This requires them to be extenswnal 
in the sense that they cannot distinguish between two properties 
having the same extension or two relations having the same 
extension. For some purposes we might want to relax this 
assumption, but this is hard to do in standard second-order logic. 
It is perhaps best handled in modal logic. 

Without going into the details, it should be obvious how truth 
in a model is to be defined. We then define validity, implication, 
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and equivalence on analogy with the corresponding definitions in 
first-order logic. 

It is natural to try to construct a system of derivations for 
second-order logic. A surprising consequence of Godel's theorem 
is that this cannot be done. This results from our earlier discus- 
sion of Peano's axioms. In Chapter One, it was proven that any 
two relational structures satisfying Peano's axioms are isomorphic. 
That can be turned into a proof that any two models of Peano's 
(second-order) axioms SS are isomorphic. Isomorphic models 
make the same formulas true. Thus for any closed formula P, 
either P is true in every model of SS or -P is true in every 
model of SS. Thus the set of formulas semantically implied by SS 
is complete. Godel's theorem is easily reproduced for second- 
order logic in the following sense. Suppose there were a complete 
system of derivations for second-order logic. Then we could prove 
that if a consistent theory T contains SS and has a recursive set 
of axioms, "a is a proof of ft" is representable in T, and hence T 
is incomplete. But SS is a consistent theory containing itself and 
having a recursive set of axioms, and SS is complete. Therefore, 
there can be no complete set of derivations for second-order logic. 
The same argument applies to u-order logic. 

In general, higher-order logic is significantly more powerful 
than first-order logic, but that power comes at considerable 
expense. First, the logic itself is not nearly so well behaved. In 
particular, there is no complete system of derivations for higher- 
order logic. Second, there are foundational difficulties for higher- 
order logic. The natural way of proceeding leads to inconsisten- 
cies, and the standard way of avoiding the inconsistencies-by 
imposing a rigid hierarchy of properties-seems excessively restric- 
tive, and basically ad hoc. The foundational problems for higher- 
order logic are exactly parallel to the problems in the foundations 
of set theory, and might reasonably be regarded as variants of the 
same problems. However, the ingenuity that has gone into 
constructing interesting set theories has not been applied with 
equal enthusiasm to higher-order logic. 



SOLUTIONS EXERCISES 

Chapter One 

(2.14) A e B iff AuB = B. 

Proof: Suppose A e B. To show that AuB = B, it suffices to 
show that (Vx)(xeAuB = x d ) .  Suppose xduB .  Then xeIA or xd3. 
As A e B, if X G ~  then xd3, so in either case x d .  Therefore, xeAuB 
3 xd3. Conversely, suppose x d .  Then x d  v xd3, so xeAuB. 
Thus x&B s xd3. 

Conversely, suppose AuB = B. A c AuB, so as AuB = B, A 
c B. 

(2.16) A e C & B c C iff AuB c C. 

Proof: Suppose A c C & B c C. Suppose xeluB. Then x d  or 
xd3, and in either case xeC. Thus AuB c C. Conversely, suppose 
AuB c C. A Q AuB, so by transitivity (theorem (2.3)), A c C. 
Similarly, B c C. 

Proof: xeA-(BnC) iff x d  & xe(BnC) 
iff x e l  & ( x u  v xeC) 
iff (xeA & xeB) v ( x d  & xeC) 
iff xe(A-B) v xe(A-C) 
iff xe(A-B)u(A-C). 

Proof: XeP(Ad) iff X c ( A d )  
i f f X c A & X c B  
iff XeP(A) & XeP(B) 
iff XeP(A)nP(B). 
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Exercise: It is not always true that P(AuB) = P(AuB). What are 
simple necessary and sufficient conditions for this identity to hold? 

Answer: P(AuB) = P(AuB) iff (A c B )  v ( B  c A). 
Proof: Suppose A c B. Then AuB = B, and by (2.25), P(A) s 
PCB), so P(A}JP(B) = P(B) = P(AuB). Similarly, if B c A then 
P(A)uP(B) = P(AuB). Conversely, suppose A d B & B d A. 
Then there is some x such that xeA & XI@, and there is some y 
such that yeB & y e l .  Then {xy}  d A and { x y }  d B, so 
{x,y}tP(A)uP(B). But {x,y} c AuB, so {x,y}eP(AuB). Thus 
P(A\JP(B) # P(AuB). 

Proof: x ? ~ { A }  iff x is a member of some member of {A}. But 
the only member of { A }  is A ,  so X E ~ { A }  iff x d ,  i.e., \\{A} = A. 

(2.31) If H e K then U H  e UK.  

Proof: Suppose H e K. Suppose X E ~ H .  Then for some Y in H, 
XEY. But if YeH then Y d ,  so X E ~ K .  

Proof: x ~ f l { A }  iff x is a member of every member of {A} .  But 
the only member of { A }  is A ,  so x ~ f l { A }  iff xeA, i.e., fl{A} = A.  

(2.34) If H e K then {\K c flH. 

Proof: Suppose H c K. Suppose x~flK.  Then x is in every 
member of K. But every member of H is a member of K, so x 
is in every member of H. That is, x~flH. 

(2.35) If A d  then flK c A.  

Proof: Suppose A&. Suppose xe{\K. Then x is in every member 
of K. But one such member is A, so x&. 

(2.36) If (WX)(XeK 3 A c X) then A e flK. 
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Proof: Suppose (WX)(X& 3 A s X). Suppose x d .  Then if XeK, 
as A e X, xeX. So x is a member of every member of K, i.e., xe[\K. 
Thus A c OK. 

Proof: Suppose A # $ & B # 0. Trivially, if A = C and B = D 
then AxB = CxD. Conversely, suppose AxB = CxD. Then for 
any pair (x,y), (x,y)eAxB = (x,y)eCxD. Suppose x d .  Choose 
any y in B. Then ( x , y ) d x B ,  so (xy)eCxD. But then xeC. 
Therefore, A s C. Similarly, C s A, B s D, and D s C. 

Proof: ( x , y )dx (BuC)  iff x d  & (yeB v y e Q  
iff ( x d  & yd3) v ( x d  & yeC) 
iff (x,y)eAxB v ( x , y ) d x C  
iff (x,y ) (AxB)u(AxC). 

Proof: Suppose yeR*(AuB). Then for some x in (AuB), xRy. xeA 
or xeB, so yeR*(A) or yeR*(B), and hence yeR*(A)uR*(B). 
Conversely, suppose yeR*(A)uR*(B). Then either there is an x in 
A such that xRy or there is an x in B such that xRy. In either 
case, x&B, so yeR*(AuB). 

(3.8) I f  A G B then R*(A) s R*(B). 

Proof: Suppose A s B. Suppose yeR*(A). Then for some x in 
A, xRy. As A c B, y d ,  so yeR*(B). 

Proof: ( X , ~ ) ~ ( A X B ) - '  iff (y,x)e(AxB) 
iff y d  & x d  
iff x d  & yd3 
iff (x,y)e(AxB). 

(3.13) I f  R is asymmetric then R is irreflexive. 
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Proof: Suppose R is asymmetric. Then for any x and y, xRy 3 

-yRx. So in particular, xRx 3 -xRx. This is equivalent, by the 
propositional calculus, to -xRx. 

(3.16) If R is an equivalence relation and x,yeF(R) and R*{x} 
+ R*{y} then R*{x}nR*{y} = 0. 

Proof: Suppose R is an equivalence relation and xy&(R) and R*{x} 
+ R*{y}. Suppose zeR*{x}nR*{y}. Then xRz & yRz. By 
symmetry, zRy, so by transitivity and the fact that xRz, it follows 
that xRz. Then by (3.15), R*{x} = R*{y}, which is contrary to 
the initial supposition. Thus there can be no z in R*{x}r)R*{y}, 
i.e., R*{x}nR*{y} = 0. 

(3.17) If R is a strict simple ordering then Ru{(x,x) 1 xeF(R)} 
is a simple ordering. 

Proof: Suppose R is a strict simple ordering. By definition, R is 
transitive, asymmetric, and connected. It must be shown that 
Ru{(x,x) \ xeF(R)} is transitive, reflexive, antisymmetric, and 
strongly connected. 

(a) Suppose (x,y )eRu{(x,x) I xcF(R)} and (y,z)eRu{ ( x A  I 
xeF(R)}. Then either (i) (x,y)e/? or (u) x = y, and either (zk) (y,z)& 
or (iv) y = z. If (i) and (iii) then (x,z)eR by the transitivity of R, 
so (x,z)eRu{(x,x) \ xeF(R)}. If (i) and (iv) then (x,y)eR and y 
= z, so (x,z)eR, and hence (x,z)eRu{(x,x) \ xeF(R)}. The proof 
is analogous if (ii) and (iii). If (u)  and (iv) then x = y = z = w, 
so x = z and hence (x,z)eRu{(x,x) \ xeF(R)}. Thus in each case, 
(x,z)eRu{(x,x) 1 xeF(R)}, so Ru{(x,x) 1 xeF(R)} is transitive. 

(b) F(Ru{(x,x) 1 xeF(R)}) = F(R), so if xeF(Ru{(x,x) \ 
xeF(R)}) then (x,x)eRu{(x,x) \ xeF(R)}, and hence Ru{(x,x) \ 
xeF(R)} is reflexive. 

(c) Suppose x + y and (x,y)eRu{(x,x) \ xeF(R)}. Then (x,y)eR. 
R is asymmetric, so (y,x)eR. Thus (y,x)^R'u{(x,x) \ xeF(R)}, and 
hence Ru{(x,x) \ xeF(R)} is antisymmetric. 

(d) Suppose (x,y)eF(Ru{(x,x) \ xeF(R)}). Then (x,y)eF(R). 
R is connected, so either x = y or (x,y)eR or (y,x)~R. Therefore, 
either (x,y)eRu{(x^c}\ xeF(R)} or (y,x)eRu{(x,x)\ xeF(R)}. 
Hence, Ru{(x,x) \ xeF(R)} is strongly connected. 
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(3.18) If R is a simple ordering then R-{(xj) \ xeF(R)} is a 
strict simple ordering. 

Proof: Suppose R is a simple ordering. Then R is transitive, 
reflexive, antisymmetric, and strongly connected. It must be shown 
that R-{(x^c}\ xeF(R)} is transitive, asymmetric, and connected. 

(a) Suppose (x,y'}eR-{ ( w )  \ xeF(R)} and (y,z)d-{ ( x A  I 
xeF(R)}. Then (x,y)eR and (y,z)eR and x # y and y # z. By the 
transitivity of R, (x,z)&R. If x = z then zRy and yRz, which is 
impossible as R is antisymmetric. So x f z. Hence (x,z)eR- 
{ ( x j )  \ xeF(R)}. Therefore, R-{(xj) \ xeF(R)} is transitive. 

(b) Suppose (x,y)d-{(xj)  \ xeF(R)}. Then (x,y)eR and x t 
y. R is antisymmetric, so (yj)^R. Thus (y,x)@-{(xj) I xeF(R)}. 
Therefore, R-{(xj) 1 xeF(R)} is asymmetric. 

(c) Suppose (x,y)eF(R-{(xj) \ xeF(R)}) and x # y. F(R- 
{ ( x j )  I xeF(R)}) = F(R), so (x,y)eF(R). R is strongly connected, 
so (x,y)eR or (y,x)eR. Then (x,y)eR-{(xj) \ xeF(R)} or (yj)eR- 
{ ( x j )  \ xeF(R)}, so R-{(xj) 1 xeF(R)} is connected. 

(4.4) If (A,R) and (B,S) are relational structures and (Aft) 
sf (B,S), then R is a simple ordering of A iff S is a simple 
ordering of B. 

Proof: Suppose (Aft) af (B,S). We must show that if R is 
reflexive, antisymmetric, and connected, then 5 is too (we have 
already dealt with transitivity). We take these one at a time: 

(a) Suppose R is reflexive. Suppose xeB. xSx iff f-'(x)~f-'(x), 
but the latter holds by reflexivity. 

(b) Suppose R is antisymmetric. Su pose x dl, x # y, and f:!' xSy. Then f-'(x)~f-'(x). f is 1-1, so f -  (x) # f (y), and thus as 
R is antisymmetric, - ~ - ' ( y ) ~ f  -'(x)]. Hence -y&. 

(c) Su pose R is connected. Suppose x,y& and x # y. Then ? f'\x) # f -  (y), so as R is connected, f ' '(x)~f-~(y) or f-'(y)~f-'(x). 
Then xSy or ySx. 

(5.7) If X â ‚ ¬ C { ~ ~ ( A  then either xeAy or x&R*AO or for some 
y in x ~ C { ~ } ( R * A ~ ) ,  yRx. 

Proof by set-theoretic induction: 
Basis step: Suppose x+ Then trivially x e l o  or xeR^Ao or for 
some y in C{Rl(R*Ao), yRx. 
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Induction step: Suppose x d o  or xd?*AO or for some z in 
X?C~~}(R*A~),  zRx, and show that if xRy then either x d o  or xeR*Ao 
or for some z in CtR}(R*Ao), zRy. We prove this by cases: 

(a) Suppose x* and xRy. Then yeR*An. 
(b) Suppose x&Ao and xRy. Then xeCtR}(R*Ao), so for 

some z (namely, x itself) in Ci^\(R*Ao), zRy. 
(c) Suppose that for some z in CtR}(R*Ao), zRx, and xRy. 

CtR}(R*Ao) is closed under R so xâ‚¬CjRl(R*Ao Hence for 
some z (namely, x itself) in CW(R*Ao), zRy. 

(6.10) If neu & n # 0 then 0 < n. 

Proof by mathematical induction: 
Basis step: 0 = 0, so it is vacuously true that if 0 # 0 then 0 < 0. 
Induction step: Suppose [(neo & n # 0) 3 0 < n]. Suppose -(0 
< S(n)). Then by (6.6), S(n) + S(0) and -(3y)(0 < y & S(n) = 
S(y)). If n = 0 then S(n) = S(O), so n # 0. Then by the 
induction hypothesis, 0 < n. But then there is a y (namely, n) 
such that 0 < y & S(n) = S(y). So we have a contradiction, and 
hence it cannot have been the case that -(0 < S(n)). 

(6.11) If neo then 0 < S(n). 

Proof: Suppose new. By (6.10), either n = 0 or 0 < n. If n = 
0 then S(n) = S(O), so as 0 c S(O), 0 < S(n). If instead 0 < n, 
then as n < S(n), 0 < S(n). 

(6.24) If n , m a  then n < m iff n c m. 

Proof by mathematical induction that for each n, (Vm)(m < n 3 m 
C n): 
Basis step: Nothing can be a member of (i.e., less than) 0, so it 
is vacuously true that (Vm)(m < 0 3 m c 0). 
Induction step: Suppose (Vm)(m < n 3 m c n). Suppose m < 
S(n), i.e., menu{n}, Then men or m = n. Suppose men, i.e., m 
< n. Then by the induction hypothesis, m c n. But n c. S(n), so 
m c S(n). Suppose instead that m = n. n c. nu{n} = S(n). If 
n = nu{n} then wen, but this is precluded by (6.21). So n c. S(n), 
and as m = n, m s S(n). 

The converse was proven in the text. 
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Chapter Two 

(1.5) A closed formula is valid iff its negation is unsatisfiable. 

Proof: A closed formula P is valid iff P is true in every model, iff 
-P is false in every model, iff -P is unsatisfiable. 

(1.7) 1; P iff 0 1 P. 

Proof: 0 1 P iff P is true in every model of 0. Every model is a 
model of 0, because every model makes every member of 0 true. 
Thus 0 1 P iff P is true in every model, i.e., iff [- P. 

(1.10) If P is equivalent to Q then -P is equivalent to -Q. 

Proof: Suppose P is equivalent to Q. Then they have the same 
extensions, and they contain free occurrences of the same var- 
iables. -P and -Q also contain free occurrences of those same 
variables. For any model (D,p), the extension of -P in (D,@ is 
the set of all n-tuples of members of D that are not in the 
extension of P, and similarly for -Q. Thus -P has the same 
extension in (D,p) is -Q. This is true for every model (D,p), so 
-P is equivalent to Q. 

(1.11) If P is equivalent to Q then r(P & R)l is equivalent to 
r(Q & R)1 and f(R & Q)l is equivalent to r(R & P)1. 

Proof: Suppose P is equivalent to Q. Then they contain free 
occurrences of the same variables. It follows that r(P & R)l and 
r(Q & R)l also contain free occurrences of the same variables xi,...&. 
Choose constants al, ..., a not occurring in P, Q, or R. By (1.8), 
r(P & R)1 is equivalent to r(Q & R)l iff Sb(al, ..., ah , . . .&)  r(P 
& R)l is equivalent to Sb(al, ..., an/xl, ...A) r(Q & R)l. For any 
model (D,p), Sb(al ,..., an/xl ,... A) r(P & R)1 is true in (D,p) iff 
Sb(al ,..., an/xl ,... ̂ )P and Sb(al ,..., an/xl ,... ,xn)R are both true. By 
(1.18), Sb(al ,..., an/xl ,... ̂ )P and Sb(al ,..., an/xl ,... &)Q are equiv- 
alent, so Sb(al ,... ,anlx ̂,... ,x,JP is true in (D,p) iff Sb(al ,..., an/xl ,... ̂)Q 
is true in (D,p). Thus Sb(al ,..., an/xl ,... ̂ {P & R)1 is true in 
(D,p) iff Sb(al ,..., an/xl ,... &)Q and Sb(al ,..., an/x1 ,... &)R are both 
true, which holds iff Sb(al, ..., an/xl, ...,xn) r(Q & R)1 is true in 



118 SOLUTIONS TO EXERCISES 

(D,/*). Therefore, Sb(a l,...,an/~l,...,xn) r(P & R)l is equivalent to 
Sb(al, ..., a/x1, ...,xn) r(Q & R)l, and hence r(P & R)l is equivalent 
to r(Q & R)l. 

(1.12) If P is equivalent to Q then r(3x)Pl is equivalent to 
r(3x) Ql . 

Proof: Suppose P is equivalent to Q. Then they have the same 
extensions, and they contain free occurrences of the same variables 
x and xi,...+ r(lx)Pl and r(Ix)Ql then contain free occurrences 
of the same variables xi, ...,xn. For any model (D,p), the extension 
of r(3x)Plin (D,p) is the set of all n-tuples (al, ..., an) such that 
there is an a in D for which (a,al, ..., an)  satisfies P, and similarly 
for r(H:)Ql. Thus r(3x)Pl and r(3x)Ql have the same extensions 
in any model (D,p), and so they are equivalent. 

(1.15) If a system of derivations is strongly sound then it is 
sound, and if it is strongly complete then it is complete. 

Proof: The first half of the theorem was proven in the text. For 
the second half, suppose a system of derivations is strongly 
complete. Suppose [ P. Then by (1.7), 0 [ P. It follows by 
strong completeness that 0 [ P, and hence by definition, [ P. 

(1.16) PC-derivations are strongly sound iff every satisfiable set 
of closed formulas is consistent, and PC-derivations are 
strongly complete iff every consistent set of closed 
formulas is satisfiable. 

Proof: Suppose PC-derivations are strongly sound. Suppose I' is 
inconsistent. Then for some Q, I' [ (Q & -Q). As PC-deriva- 
tions are strongly sound, I' 1 (Q & -Q). Thus every model of I' 
is a model of (Q & -Q). But (Q & -Q) has no models, so I' 
has no models, i.e., I' is unsatisfiable. 

Conversely, suppose every satisfiable set of closed formulas is 
consistent. If it is not the case that I' \- P, then W{-P} is 
satisfiable, and hence by supposition, ru{-P} is consistent. 
Therefore, it is not the case that I' [ P. Thus if I' [ P then I' 1 
P, i.e., PC-derivations are strongly sound. 

Similarly, suppose PC-derivations are strongly complete. 
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Suppose I' is unsatisfiable. Then I' [ ( P  & -P), so I' [ ( P  & -P), 
and hence I' is inconsistent. 

Conversely, suppose every consistent set of closed formulas is 
satisfiable. If it is not the case that I' 1- P, then I'u{-PI is 
consistent, and hence by supposition, N{-P} is satisfiable. 
Therefore, it is not the case that F [ P. Thus if I' [ P then I' [- 
P, i.e., PC-derivations are strongly complete. 

(1.23) If I' is maximal consistent and P and Q are closed 
formulas then r(P & Q ) l d  iff PeT and QeT. 

Proof: Suppose I' is maximal consistent and P and Q are closed 
formulas. If r(P & Q)leI', then by (1.21), PeT and QeT. Con- 
versely, suppose PeT and QeT. If r(P & Q)ltf then r-(P & 
Q)lel", but then I' would be inconsistent. So r(P & Q)1 d". 

(2.1) If T is an interpreted first-order theory then: 
(a) if T is sound, then T is complete iff T is semantically 

complete; 
(b) if T is unsound, then if T is consistent, it is semantic- 

ally incomplete; 
(c) if T is semantically complete, then T is sound iff T 

is consistent. 

Proof: (a) was proven in the text. 
(b) Suppose T is unsound and consistent. As T is unsound, 

there is some closed formula P false in the intended model that 
is a theorem of T. If T were semantically complete, -P would 
have to be a theorem of T as well, in which case T would be 
inconsistent. 

(c) Suppose T is semantically complete. If T is inconsistent, 
then for some closed formula P, both P and -P are theorems of 
T, in which case T is unsound. Conversely, suppose T is unsound. 
Then for some closed formula P, P is false in the intended model 
but P is a theorem of T. In that case, -P is true in the intended 
model, so by semantical completeness, -P is a theorem of T, and 
hence T is inconsistent. 

(2.5) If A is weakly representable in T, then given any 1-formula 
$(x )  there is a closed formula 9 such that r9 = $(q(9))1 is 
a theorem of T. 
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Proof: Suppose 6(x) weakly represents A. Let 9 = 

$(6(n($(6(x)W). A($(&(x))) = Wn($(6(x))))), so as 6 weakly 
represents A, r6(~($(6(x)))) = q($(6(~($(5(x))))))l is a theorem of 
T. That is, r6(~($(6(x)))) = q(9)l is a theorem of T. Trivially, 
r$(6(~($(6(x))))) = $(6(~($(6(x)))))l is a theorem of T, so by the 
substitutivity of identity, substituting q(6) for r6(q($(tS(x)))l in this 
biconditional, we obtain that r$(6(q($(i(x))))) a #(q(9))1 is a 
theorem of T. But this is just a i&(q(9))1. 
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Technical symbols are listed in order of their introduction. 

(Mx) universal quantifier 1 
(3x) existential quantifier 1 
& conjunction 1 
v disjunction 1 
3 conditional 1 
= biconditional 1 - negation 1 
= identity 1 
? membership 2 
iff if and only if 2 
0 empty set 5 
c subset 6 
c proper subset 8 
u union 8 
n intersection 9 
A-B relative complement 11 
P(A) power set 12 
\\K generalized union 13 
flK generalized intersection 13 
(x ,y )  ordered pair 15 
AxB Cartesian product 17 
D(R) domain 21 
R(R) range 21 
F(R) field 22 
R*A R-image 22 
R-I  converse 22 
R/S relative product 23 
f\A - B mapping into 33 
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f\A - B mapping onto 33 
onto 

fog composition 33 
f\A restriction 34 

1-1 
f\A - B 1-1 mapping onto 34 

onto 

1-1 
f\A - B 1-1 mapping into 35 

into 

=f isomorphism 37 
Cv(Ao) closure 39 
Rw ancestral 40 
u natural numbers 46 
< less than 47 
Sb substitution 66 
1 implication and equivalence 69 

derivability 75 
ixGx definite description 84 
E! existence 85 
[ ~ Ã ˆ ] ( L X ~ ~ ~ ~ , . . . , L X ~ ~ ~  scope of a definite description 85 
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absolute provability 96 
adjunctivity 75 
algorithm 102 
ancestral 40'43 
antisymmetry 24 
arithmetic 59 
assignment 67 
asymmetry 23 
atomic formula 64 
axiom 73 
axiom of comprehension 3 
axiom of extensionality 2 
axiom scheme of induction 
95 
axiomatic theories 87 
axiomatization of a theory 88 

basis step 42,46 
bound occurrence of a 

variable 65 

Cartesian product 17 
categorical set of axioms 54 
characteristic function 102 
Church's theorem 105 
Church's thesis 102 
class inclusion 6 
class membership 2 
closed formula 65 
compactness theorem 84 
complement 11 

complete system of 
derivations 77 

complete theory 89 
composition of functions 33 
connectedness 24 
consistent set of formulas 75 
consistent theory 88 
contradiction 75 
converse of a relation 22 
corner quotes 63 
crisis in set theory 99 

De Morgan's laws 11 
decidable set 102 
decidable theory 105 
definite description 84 
definition by abstraction 3 
definitions 37 
denotation of a constant 67 
denumerable set 80 
derivable formula 75 
derivations 72ff 
diagonal function 92 
disjoint sets 9 
domain 21,32 
double negation 75 

elements 2 
elimination rule 75 
empty set 5 
equivalence 69,70 
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equivalence relations 25 
essential undecidable theory 

105 
existential generalization 76 
existential specification -76 
expressing 91'92 
extension of a property 19 
extension of a relation 19 
extension of a relation symbol 

67 
extension of an open formula 

69 
external negation 85 

f-image 32 
field 22,32 
finitely axiomatizable theory 

88 
first-order logic with functions 

87 
first-order theories 87ff 
formula 64 
free occurrence of a variable 

65 
function in extension 31 
function symbols 87 
functional relation 30 
functions 30ff 

generalized intersection 13 
generalized union 13 
Godel function 90 
Godel number 103 
Godel numbering 90 
Godel's first incompleteness 

theorem 97,104 
Godel's second incomplete- 

ness theorem 101,104 
Godel's theorem 94,96 

Godel, Kurt 79 

Henkin, Leon 79 
heterological property 107 
higher-order logic 106ff 

identity 1,62,74 
iff 2 
implication 69 
individual constant 62 
individual symbol 63 
individual variable 62 
induction hypothesis 42,46 
induction step 42,46 
inductive definitions 5 1 
infinite sets 80 
intended model 88 
internal negation 85 
interpreted first-order theory 

88 
intersection 9 
introduction rule 75 
inverse of a function 34 
irreflexivity 23 
isomorphism 36 

linear ordering 27 
logical constants 62 

mapping into 32 
mapping onto 32 
mathematical induction 45 
maximal consistent set 80 
members 2 
metalanguage 63 
metalinguistic variable 64 
model 66 

n-formula 65 
natural numbers 44 
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object language 63 
one-one function 34 
open formula 65 
ordered n-tuple 18,35 
ordered pair 15 
ordering relations 27 

partial ordering 28 
partition 26 
PC-derivations 76 
Peano arithmetic 95 
Peano's axioms 44 
Post computability 102 
power set 12 
predicate calculus with 

identity 62 
predicate letter 63 
premise numbers 74 
prenex normal form 71 
proper inclusion 8 
proper subset 8 

quasi-quotes 63 
quotation marks 63 

R-first element 30 
range 21,32 
recursive definitions 37ff 
recursive function 102 
recursive metalinguistic 

function 103 
recursive set 102 
reductio ad absurdum 75 
reflexivity 1,6,23 
reflexivity of identity 75 
relation in extension 20 
relation in intension 20 
relation symbol 62 
relational structure 35 

relations 15ff 
relative complement 11 
relative product 23 
replacement 70 
representing 96ff 
restriction of a function 34 
Robinson's arithmetic 103 
Rosser, J. Barkley 99 
rules of inference 73 
Russell's paradox 4,107 
Russell, Bertrand 4,84,107 

satisfaction of an open 
formula 68 

satisfiable set 69 
scope of a definite description 

85 
scope of a quantifier 65 
second-order logic 95 
semantic closure 89 
semantical diagonalization 
theorem 92 
semantically complete theory 

88 
sentence letter 63 
set-theoretic antinomies 4,99 
set-theoretic closure 39 
set-theoretic induction 42 
simple ordering 27 
simplification 75 
sound system of derivations 

77 
sound theory 88 
soundness of PC-derivations 

79 
strict partial ordering 29 
strict simple ordering 28 
strong completeness theorem 
for PC-derivations 84 
strong connectedness 24 
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strong soundness of PC- 
derivations 79 

strongly complete system of 
derivations 77 

strongly sound system of 
derivations 77 

subset 6 
substitution 65 
substitutivity 2,76 
surrogates of natural numbers 

57 
symmetry 2,23 

Tarski's diagonalization 
theorem 97 

Tarski, Alfred 93,99 
theorem 75 
theorems of a theory 88 
transitivity 2,6,24 
truth in a model 66 
Turing computability 102 

union 8 
unit set 5 
universal set 6 

vacuous quantifier 65 
valid formula 69 
Venn diagrams 7 

well ordering 29 

u 27 
u-complete set 81 
u-order logic 108 
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